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Abstract. Global regular axially symmetric solutions to the Navier- 
Stokes equations is proved. The solution is such that velocity belongs 
to W 2 ' (fi x and gradient of pressure to £2(0 x R+), where O is a fi- 
nite axially symmetric cylinder in IR 3 and the slip boundary conditions are 
imposed on its boundary First we prove the existence of local solutions in 
the mentioned spaces for time less or equal T. Having such solutions we 
are able to show that swirl (rv^) is the Holder continuous. This gives a 
possibility to show that ||v / ||ifi(Q), v' = (v r , v z ), is bounded independently 
on time near the axis of symmetry. Similar estimate for v' is obtained in 
a neighborhood located in a positive distance of the axis of symmetry. 
Separately we show that ||f ¥ >||.H-i(n) is bounded by a quantity independent 
on time. This implies that the local solution can be prolonged on intervals 
(kT, (k + 1)T), k G N, T > 0. Employing the decay estimates appropriate 
for the Navier-Stokes equations we show that however the external force 
does not decrease with time the norm \\v (t) \\h*(si) does not increase. 
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1. Introduction 



In this paper we prove the existence of global regular axially symmet- 
ric solutions with large swirl to the Navier-Stokes equations. We consider 
the motion of an incompressible fluid in an axially symmetric cylinder 
with the slip boundary conditions. We generalize the results from [Zl, Z2, 
Z3] , where the periodic cylinder with respect to the variable along its axis 
and the case without any external force are considered. The slip boundary 
conditions are necessary because the main step in a proof of global esti- 
mate is the energy type estimate for vorticity (see [LI, Z4, Z5, Z6]). To 
get such estimate we need integration by parts so appropriate boundary 
conditions for vorticity are necessary. 

In this paper we consider the axially symmetric solutions (see Defini- 
tion 1.1 below) to the following problem 

vt+v-Vv- uAv + Vp = f in Q T = Ox (0, T), 

div v = in fi T , 

(1.1) v -n = on S T = S x (0,T), 

re • B(u) • f a = 0, a = 1,2, on S T ', 

v\ t =o = v in O, 

where O is an axially symmetric cylinder with boundary S = Si U S2, 
x = (xi,X2,xs) is the Cartesian system of coordinates in R 3 such that X3 
is the axis of the cylinder Q. By Si we denote the part of the bound- 
ary of the cylinder parallel to the X3-axis and S2 is perpendicular to 
it. Next, v = v(x,t) = (vi(x,t),V2(x,t),v^(x,t)) G R 3 is the veloc- 
ity of the considered fluid, p = p(x,t) G M the pressure, / = f(x,t) = 
(fi(x, t), f2(x, t), fs(x, t)) G M 3 the external force field, v > is the con- 
stant viscosity coefficient, B>(v) = Vt> + Vi> T the dilatation tensor which 
is the double symmetric part of Vi>, n is the unit outward normal vector 
to S and f a , a = 1, 2, is a tangent one. 

To examine axially symmetric solutions to (1.1) we introduce the cylin- 
drical coordinates r, <p, z by the relations xi = rcos</?, X2 = rsimp, 
X3 = z. Moreover, we introduce the vectors e r = (cos 99, simp, 0), e v = 
(— sin</?, cos</7, 0), e z = (0, 0, 1) connected with the cylindrical coordinates. 
Then, the cylindrical coordinates of v and / are defined by the relations 

v r = v-e r , Vip = v-eip, v z = v ~c z , f r = f-e r , = f'Cip, fz = f'^zi 

where the dot denotes the scalar product in R 3 . Finally, by u = v^r we 
denote a swirl. 
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To describe the domain O and its boundary in greater details we 
introduce the notation 

Q = {x G R 3 : r < R, \z\ < a}, 

51 = {x G R 3 : r = R, \z\ < a}, 

5 2 = {xeR 3 : r < R, z G {-a, a}}, 

where R and a are given positive numbers. 

Definition 1.1. By the axially symmetric solutions we mean such solu- 
tions to problem (1.1) that 

^ Vr '^ = ^^'^ = Vz >v = = ^' 

/r,<p = = fz,ip = 0. 

In the cylindrical coordinates equations (1.1) for the axially symmetric 
solutions can be expressed in the form (see [LL, K]) 

v 2 v 

(1.3) Vrj + V ■ VlV ^ - uAv r + V-^ = -p >r + f r , 



V V 

(1.4) v^t + v ■ Vv v + -j^Vp - vAv^ + z/-| = fy, 



(1.5) v Xtt + v ■ Vv z - vAv z = -p )Z + f z 



(1.6) V r , r + V ZjZ = -y, 

where u • V = iv<9 r + v z d z , Au = -(ru tr ) jr + u }ZZ . 

Expressing the boundary conditions (1-1)4 in the cylindrical coordinates 
yields (see [Z4, Ch. 4, Lemma 2.1]) 

IV = 0, i> Zjr = 0, v^, r = -v v on Si, 

(1.7) r 

v r , z = 0, *v,« = 0, v z = on S 2 . 
Finally, initial conditions assume the form 

(1.8) v r \ t =o = v r (Q), %|t= = tv (0), u«| t =o = u z (0). 

We prove the existence of global axially symmetric solutions to (1.1) such 
that v G W^in x R + ), Wp G L 2 (0 x R + ). The proof is divided into 
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the following steps. First we prove the existence of a local solution v G 
W 2 2)1 (0 x (0,T )), Vp G L 2 (0 x (0,T )), where T is sufficiently small. To 
show such existence we need that v(0) G if 1 (ft) and / G L 2 (0 x (0,T )). 
The existence of the local solutions is proved by the Leray-Schauder fixed 
point theorem, where the necessary a priori estimate is possible thanks 
to the restriction on To (see Lemma 2.5). We are not able to extend the 
local solution on the interval (T ,2T ) without an additional estimate on 
||i;(To) • However, to prove a global existence we have to show that 

(1-9) \\v(kT )\\ H i {n) < |K0)|| H i (n ), k G N. 

To show (1.9) we separate cylinder O into two parts: a cylinder of radius 
ro, ft ro = { x G O : r < 2ro} (a neighborhood of the axis of symmetry) 
and the domain f2 fo = {x G O : r > tq/2] (a neighborhood located in a 
positive distance from the X3-axis). 

Since O = O ro U f2 fo we subordinate a partition of unity corresponding to 
this division. The most difficult part is to prove the estimate 

(l-!0) IKIIv^^t ) < ai, 

where u' = (v r ,v z ), V^O 7 ) is defined in Section 2, T G R+ and a\ is a 
constant depending on data. 

However, (1.10) is proved for the local solution the bound a\ does not 
depend on T. To prove (1.10) we need the Holder continuity of swirl u 
with its vanishing on the axis of symmetry and the restriction 

(1.11) maxmaxl-ul < \\—v. 

v ' t n ro 1 1 - V 8 

The results are proved in Section 3. 

Hence (1.11) holds for tq sufficiently small and also for v G Liq(Q t ), 
so for local solution. This needs step by step in time approach. In view 
of (1.11) we have (1.10) with a\ = a\(l/ro), where a\ is an increasing 
function. Estimate (1.10) is proved in a series of lemmas (see Lemmas 
4.1, 4.2, 4.3, 4.5, 4.6). 

The next step is to prove the estimate (see Lemmas 6.4, 6.5) 



(1.12) \\v , \\ v nnT)<a2, T G R+, 

where a 2 is a constant depending on data. Finally, by Lemma 7.4 we have 
(1-13) IK(*)||j*i(n)<a3, 
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where CI3 depends also on data. 

However, estimates (4.10), (4.12), (4.13) are proved for the local solution 
quantities a\, a 2 , a 3 do not depend explicitly on time. The dependence on 
time is only by time integral norms of the external force. 
Combining (1.10), (1.12) and (1.13) we derive the a priori estimate 



(1.14) 



K*)||ifi(n) < 04, te JR+, 



where a& depends on data but not on t. 

A priori estimate (1.14) becomes a real estimate for the local solution in 
the interval (0, T ). Since (1.14) is a global type estimate the local solution 
can be extended step by step on R + (see the Main Theorem below). 

Main Theorem. Let T > be given. Let k G N = N U {0}. Assume 
that 

1. v(0) G H\n), f G L 2 (0 x (kT, (k + 1)T)) n L 00 (R+; L 6/5 (Q)) (see 
Lemmas 2.2, 2.3) 

2. uq = rv,p(0) G Loo(O), g = rf v G Too(^ x R + ) (see Lemma 3.1) 

3. u G C a (fi), g G C Q ' Q / 2 (fix (kT, (k + l)T)), a G (0,1/2] (see Lemma 
3.2) 

4. X = v r , z - v z , r , G L 2 (Q), F = f rjZ - f z , r , f G L 2 (0 x (kT, (k + 
1)T)), ^ G L 4 (0), G L 20/11 (O x (kT, (k + 1)T)) 

5. there exists tq > such that 

4/0" 

HwllLooCn^x^T.Cfc+ijT)) - Y 3^' a < 1 
where O ro = {x G O : r < 2ro}. 

Then there exists a solution to problem (1.1) such that v G W 2 ' x 
(JfeT, (Jfe + 1))), Vp G L 2 (0 x (JfeT, (A; + 1)T)) and the estimate holds 



ll V llw 2 2,1 (nx(fcT,(Jfc+l)T)) + ll V PllL2(^x(A;T,(fc+l)T)) 

(1.15) < c(B (l/r ,d 4 ,d 5 ,d 6 ,d 7 ,d 8 ,d g ) + ||/|U 2 (nx(fcT,(fc+i)T)) 
+ ||t;(fcr)||Hi(n)) 

where (see Lemma 8.2) 



\v(kT)\\ HHQ) <c(B + X(0)e-^ kT ), 



x 2 (o) = i 



^(0) 



+ 



x(o) 



L 2 (f2) 



L 2 (n) 
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and Bq is an increasing positive function of its arguments, where 
is introduced in (2.1), d 5 in (2.2), d 6 in (3.1), d 7 in (2.15), dg and d 9 
in Lemma 8.2. 

In the famous paper of Caffarelli, Kohn, Nirenberg [CKN] there is shown 
that the singular set for solutions to the Navier-Stokes equations might 
have at most an one-dimensional Hausdorff measure. Therefore is can be 
expected that for axially symmetric solutions such singularity might ap- 
pear on the axis of symmetry. It is shown in this paper that v r , v^, u 
vanish on the axis of symmetry, so the considered solution behaves there 
very regularly. In [Z8] existence of global regular axially symmetric solu- 
tions with prescribed sufficiently small initial swirl in some neighborhood 
of the axis of symmetry is proved. Then the property is preserved. In 
this paper the property is shown without any smallness restrictions on the 
initial data. Otherwise the necessary a priori estimate can not be derived. 

In this paper we generalize the result from [Z1-Z3] to the problem 
with an external force and the slip boundary conditions on whole bound- 
ary. The result is appropriate for examining stability of the axially sym- 
metric solutions. 

The generalization is not trivial because the external force has a strong 
influence on any solution to the Navier-Stokes equations. The external 
force has an opposite influence to the dissipation. Therefore a global 
existence can be proved if the dissipation prevails the influence of the 
external force. To escape restrictions that velocity and the external force 
vanish as time converges to infinity we prove existence step by step on 
each finite time interval [kT, (k + 1)T], k G No- This approach needs that 
the following inequality must be shown 

(1.16) \\v((k + l)T)\\ m(n) < \\v(kT)\\ HHn) , keN , 

which follows from the decay properties of the Navier-Stokes equations 
(see Sections 7 and 8). We have to emphasize that to derive (1.16) T must 
be sufficiently large. Moreover, the approach needs that existence must 
be proved in each time interval [kT, (k + 1)T], k G No, separately. This 
follows from Lemma 2.5 and Theorem 8.1. 

The Main Theorem says that however v r , v v vanish on the axis of sym- 
metry v z remains large and is only restricted by estimate (1.15). Hence, 
considering an inflow-outflow conditions on £2 seems that v z can be made 
as much as we want. 

This paper is organized in the following way. In Section 2 there are formu- 
lated energy type estimates for solutions to problem (1.1) without showing 
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existence (see Lemmas 2.2, 2.3). Existence is very well presented in [CKN, 
L2, T]. However, in our case, we do not need existence of weak solutions 
because existence in each time interval (kT, (k + 1)T) is proved by the 
Leray-Schauder fixed point theorem. For this we need only an appropri- 
ate a priori estimate. Moreover, in Section 2 there are formulated problems 
for u (see (2.23)) and x ( see (2-25)). Finally local existence of solutions to 
(1.1) (v G Wl >\n x (kT, (k + l)T)), Vp G L 2 (0 x (kT, (k + l)T)), k G N ) 
is proved in Lemma 2.5. In Section 3 boundedness and the Holder con- 
tinuity of swirl is proved (see Lemmas 3.1, 3.2). In Section 4 a priori 
estimate in a neighborhood of the axis of symmetry is proved. A crucial 
point of getting the estimate is restriction (1.11) (see (4.30)) which implies 
a different treatment near the axis of symmetry and far of it. 
In Section 6 in view of estimate ||x/ r ll v 2 (f2* ) < A (see (6.1)) there is 
proved that 

(1-17) \\v'(t)\\ HHn) <cA, 

where A is defined by (6.2). Finally, in Section 7 the estimate is found 
(1-18) \K(t)\\m(n) < <p(A*), 

where A* is introduced in (6.5). 

Thanks to estimates (1.17) and (1.18) global existence of regular solutions 
such v G W 2 2,1 (ftx (kT, (k + l)T)), Vp G L 2 (0 x (kT, (k + 1)T)) is proved 
step by step in Section 8. 

2. Notation and auxiliary results 

By c we denote a generic constant which changes its value from line 
to line. A constant with index k is defined by the first formula, where 
it appears. By <fi we denote the generic functions which changes its form 
from formula to formula and is always positive and increasing function. 
By c(a) we denote a generic constant increasing with a. 
We use also the notation 

fi e = {x G fi : e < r}, 

fi e n SUpp C = fi e ,C, fie n SUpp C,r = ^e,C lT .) ^ H SUpp £r = fi^ r . 

Definition 2.1. By K> fc (fi T ), k G N U {0} = N , we denote a space of 
functions with the finite norm 

IMIv 2 fe (fi T ) = IMlLoo(0, T;H k (Q)) + II Vw|| L 2 (0,T;H k (SI)) > 
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where H°(Q) = L 2 (0) and H k (n) = W£(Q) is a Sobolev space with the fi- 
nite norm \\u\\ HHQ) = (E W <*/n Wrfdx) 1 ' 2 , where D« = dgdgdg, 
ol\ + a 2 + a 3 , ctj G N , z = 1, 2, 3. 



\a 



Lemma 2.2. Assume that v(0) G L 2 (0), / G Loo(]R + ; L 6 / 5 (0)), g = f-rj, 
u = v-rj, r\ = (-X2, xi, 0), u(0) G L oo (0). Assume that there exist positive 
constants do, d±, d 2 such that 



\v(0)\\l 2 (Q) < d , 



l+;L 6/5 (Q)) 



< do 



sup sup 

fc€N te(kT,(k+l)T] 



< d 1 . 



I I gdxdt' + 

kT Q. Q, 

Assume that v* = where Ck is the constant from the Korn inequality 
(see (2.4)). Assume that v* = v\-\- v 2 , Vi > 0, i = 1, 2. 
Assume that T > is fixed and G No. Then for the weak solutions to 
problem (1.1) we have the estimates 



(2.1) 



< 



di 



K^IlL^) ^ 1 _ e _ vlT 



+ e~ Ult dl = dl, teR+, 



where d 3 = ^[^d\ + 2udf) and 

II ||2 < d 2 

W V Wv°(Qx(kT,t)) - 

(2.2) 



^ T + 11 + 



< 1 + 



^2 



^2 

2d\ 



1 



2d\ 



l- e -»iT 



+ d 2 



di 



+ e~^ kT d^j 



where t G (kT, (k + 1)T), k G N . 



Proof. Multiplying (1.1) by integrating over O, using (1.1)2 and the 
boundary conditions we obtain 



(2.3) 



where 



ld_ 
2~dV 



v \\l 2 (n) + v E si{v) = J f ■ vdx, 



E Q (v) = \\B(v)\\l 2m . 
From [Z4, Ch. 4, Lemma 2.4] we have the Korn inequality 

(2.4) IMllri(£i) < c k (^E Q (v) + Jv-rjdx 
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where rj = (—X2, x\, 0), v • rj = rv^ = u. 

Now we calculate the last term on the r.h.s. of (2.4). Multiplying (1.1) i 
by rj, integrating over Vt and using (1.1)2, (1-1)3 we obtain 



d 
Jt 



(2.5) 



J v ■ rjdx — J ViVjV 'ii]jdx + J TijVi?]jdx 



J f-vdx, 



where T(v,p) = =1,2, 3 is the stress tensor of the form 

T(v,p) = uB(v) - pi, 

I is the unit matrix and the summation convention over the repeated 
indices is assumed. Since Vrj is an antisymmetric tensor equation (2.5) 
implies 



(2.6) 



d_ 
~dt 



J v ■ rjdx = J 



f ■ rjdx. 



Integrating (2.6) with respect to time from kT to t G (kT, (k + 1)T] yields 



(2.7) J u{t)dx = J J 9 dxdt> + J u(kT)d. 

n kT n n 

Using (2.4) and (2.7) in (2.3) implies 



1 d '|2 ,, 11.. ,||2 



v 



+ v*\\v\\ H i(fy < I f-vdx + u 



(2.8) 



n 



t 

J J gdxdt' 



kT Q 



+ J u(kT)dx 



where the inequality is considered in the time interval [kT, (k + 1)T]. 
Applying the Holder and the Young inequalities to the first term on the 
r.h.s. of (2.8) and multiplying the result by 2 we derive 



(2.9) 



d 



j t h\\L 2 (n) + v*\\v\\m(n) < -H/llL 6/5 (fi) + 2^i 
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Employing the decomposition = v\ + ^2 inequality (2.9) takes the form 
(2.10) 



Omitting the second term on the l.h.s. of (2.10) and integrating the result 
with respect to time from kT to t e (kT, (k + 1)T] yields 

lbWlli 2 (0)<^ + ll^(^)||! 2(n) e-^(^). 

By iteration we obtain 

IK^)||| 2(n) < + M0)\\l 2 ^e-^ T . 

Hence for t e (kT, (k + 1)T] we get 

(2-11) Ht)\\l a{n) < d f'^-Z + M0)Wlwe-" lT 

so (2.1) holds. Integrating (2.10) with respect to time from kT to t e 
(JfeT, (A; + 1)T] we have 



<^+IKfeT)||i a(n) e-^(«-* T ). 
Continuing, we obtain 



t 



MMl^) + V2e-^- kT ^ J \Ht')f H1(n) dt' 
^ ' ' kT 

<4+\\v(kT)\\l 2 ^e-^- kT \ 

Finally, (2.13) implies 

t 

(2.14) / | Wt ')||^ (n)(i( '<^ + i( T -|^ + e -^). 

kT 

Combining (2.11) and (2.14) gives (2.2). This concludes the proof. 
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Lemma 2.3. Let the assumptions of Lemma 2.2 hold. Let / 6 i 2 (0 x 
(kT,t)), t e (kT, (k + 1)T]. For weak solutions to problem (1.3)-(1.8) the 
following estimate holds 



(2.15) 



Mlv 2 °(fix(fcT,t)) + 



+ 



L 2 (nx(fcT,t)) 

< c(T + l)dj + c 



L 2 (fix(kT,t)) 

where t e (kT, (k + 1)T], k e N . 



L 2 (nx(fcT,t)) 



4, 



Proof. Multiplying (1.3) by v r , integrating over Q and using boundary 
conditions (1.7) yields 



ld_ 
2~dt 



(2.16) 



J v 2 dx — J —v r dx + v j ' (v^ r + v 2 z )dx 
no, n 

,2 



+ v J -7;dx = — J p jr v r dx + J f r v r dx. 



n 



n 



n 



Multiplying (1.4) by v v , integrating over Q and using boundary conditions 
(1.7) implies 



(2.17) 



is/*"/* 



a 

) 2 v dx + v J (v^ r + v 2 z )dx - v J v^dz 

Q —a 



V 



+ v \ -^rdx = / f^v^dx. 



n 



Multiplying (1.5) by v z , integrating over O and using the boundary con- 
ditions (1.7) we obtain 

(2.18) ^ J vldx + u J (v 2 z r + v 2 z z )dx = - J p, z v z dx + J f z v z dx. 
Adding the above equations, using (1.6), the inequalities 

Klll 2(5l ) <£||v^||| 2(n) + c(i/£)||^||| 2(n) , 

J(v 2 + v 2 )dx<R 2 J + 
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and the Poincare inequality for v z we arrive to the inequality 



dt 

(2.19) 



4 / v 2 dx + v J \Vv\ 2 dx + u J 



Integrating (2.19) with respect to time from kT to t and using (2.1) we 
obtain 



t 

(2 2Q) H t, llv°(nx(fcT,t)) +z/ 

i. i n 



J J (;£ + £)<»"*' 

< cTd 2 + c||/||i a(nx(fcT>t)) + ||t;(fcT)||i a(n) . 



Using again (2.1) we obtain (2.15). This concludes the proof. 
Let us consider the Stokes problem 

v t - divT(v,p) = / in fi T , 

div v = in fi T , 

(2.21) 

v • n = 0, n • D(i>) • r a = 0, a = 1,2, on S T , 
u|t=o = in O. 

Lemma 2.4. (see /S, Z7, ZZ/J Assume that / G L S (0 T ), v G W s 2 " 2/s (fi), 
s G (1, oo), Si G C 2 . Tien there exists a solution to problem (2.21) such 
that v G Wg' 1 (tt T ), Vp G L S (0 T ) and tiere exists a constant c = c(0, s) 
such that 

(2-22) \\v\\ W 2,i {nT) + ||Vp|| Ls(£1 T) < c(0,s)(||/|| Ls( ^t ) + \\v \\ w 2-2/s {n) ). 
From (1.4) and (1.7) we obtain the following problem for swirl u = rv v 
u t + v ■ Vu — vAu + 1v—^- = rf v = g in fi T , 



r 



(2.23) 



u^ r = -u on Si , 



r 



u ;Z = on Sj, 

u\ t =o = u in O, 



where v is the divergence free vector. 
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Let us introduce the </>component of vorticity by 
(2.24) x = V r ,z ~ v Ztr . 

In view of (1.3), (1.5) and (1.7), x is a solution to the problem (see [Z4, 

Ch. 4, Sect. 3 (3.1) and Lemma 2.2 (2.13)]) 

(2.25) 



Xt + v-Vx X ~ v 

r 



x|s = 
x\t=o = Xo 



+ X, zz + 2 



in fi T , 

on S T , 
in O, 



where F = f r , z — / 2>r . To prove global regular solutions to problem (1.1) 
we need a priori estimate with weights which are singular on the axis 
of symmetry (see [Zl]). Therefore it is convenient to consider instead of 
problem (1.1) the following approximated problem 



vt + v ■ Vv — uAv + Vp = f 
div v = 



"e ' 
l T 

(2.26) 6 ' 

n-v = 0, n- B(v) • f a = 0, a = 1, 2, on U Sj U Sj e , 



in fij, 
in Cl] 



V t =o = v 



in fL 



where fi e = {x G O : r > e}, S e = {x G M 3 : r = e, \z\ < a}, 
= {x E S 2 : r > e}. Setting e = we obtain problem (1.1). 

Lemma 2.5. Assume that v(0) G if 1 ^), / G L 2 (fi^), £ > 0, T > 0. 
Assume that T is so small that 

(2.27) ^( Co ,c 1 , C2 )r 1 / 2 cZ 4 [||/||i 2( ^ ) + ||^(0)||^ 1(Oe) +^ 3 / 2 ^ + 1] < 1/2, 

where <p is some positive increasing function of its arguments and is 
introduced in (2.1). Then there exists a solution to problem (2.26) such 
that v G Wf' 1 ^), Vp G L 2 (Qj) and 



(2.28) 



\w^(nj) + II v pIIl 2 («D < 8c o(II/IIl 2 (ot) + ||v(0)||ffi(n e )), 



where c appears in (2.22), c\ in (2.30) and c 2 in (2.31). The existence 
and the estimate hold also for e = 0. 



Proof. Since we are going to prove the existence of solutions to problem 
(2.26) by the Leray-Schauder fixed point theorem we restrict the proof to 
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show a priori estimate (2.28) only because other steps of it are clear. In 

the proof we omit the index e for simplicity. 

Applying Lemma 2.4 with s = 2 to problem (2.26) yields 

IMIwf ^ + l|Vp|U 2( nT) < co(||u • Vv|| L2(n T) 
+ \\f\\L 2 (nT ) + \\v(0)\\ m{n) ). 

Now we examine the first term on the r.h.s. of (2.29). We estimate it by 
JdtJ \vVv\ 2 dx^j <{^J \\vml xm \\Vv{t)\\l 2m dt} 



Q 

T 



<swp\\Wv(t)\\ L2{Q) (^J \\v(t)\\ 2 Lgo(n) dt) ' =h. 



From [BIN, Ch. 3, Sect. 15] we have the interpolation 
(2-30) IMIwn) < ci || fxx || i^ll^ll^) +ci||v|| L3( n). 

Employing (2.30) in I\ yields 

h < ci sup||Vv(t)|| L2(n) (T^ 8 ||z; xx ||^ T) sup||z;(t)||^ n) 
+ T 1 / 2 sup|| V (t)|| L2(n) ) = / 2 . 

Using the estimate 

sup ||Vu(t)|| L2 (n) < sup \\v(t)\\ H i {n) 
(2.31) * * 

< c 2(\\v\\ w 2,i ]{nT) + ||u(0)||fri(n)) 

and the energy estimate (2.1) in I 2 we obtain from (2.29) the inequality 



\v\ 

■ -' 2 



\w^\^) + II V PIIm« t ) < c 0ClC 2 (||v|| M/ 2,i (fiT) 

(2.32) +ll^(0)|U 1( n))(TV8||,;||^ 1(nT) 4/ 4 + T 1 / 2 rf 4 ) 
+ co(ll/IU 3 (n'') + IKO)||Hi(n)). 

Assuming that T is so small that 

(2.33) coc 1 c 2 (TV8|| v ||3^ i ^ )d i/4 + T i/ 2d4) < 1 
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we derive from (2.32) the inequality 

hWw^aiT) + l|Vp||L 3( nT) < 2c cic 2 - 
(2-34) •(T 1 / 8 ||^|| 3 ^ 1(fiT) rfy 4 +T 1 /^ 4 )|| v (o)|| Hl(fi) 

+ 2c (||/|U 2( n) + |KO)|| wl(fi) ). 

The condition (2.33) is not written in a final form because it contains an 
unknown norm \\v\\ ■w 2A {Q. T y Applying the Young inequality to the first 
expression on the r.h.s. of (2.34) yields 

IMIwf ^o^) + ||Vp|| L2(n T) < -^\\ v \\wl\n-r) 

+ ^(2 C oc lC2 T 1 /8rf 4 || t ,(0)|| H1(n) ) 4 + 2 Co c lC2 T 1 / 2 rf 4 || Z ;(0)|| H1(n) 



4e 4 

+ 2c (||/|U 2 (n T ) + IK0)|| w i(o)). 



Setting = \ we obtain that e = (|) so the above inequality yields 

"ilwa 2 ' 1 ^) + IIVpHi^nT) < 27(coCiC2) 4 T 1/2 rf 4 ||f(0)||^i (n) 



(2.35) 

+ 4c c 1 c 2 r 1 / 2 d 4 ||r;(0)||^i ( „ ) +4c (||/|U 2 (^) + IKO)lki(fi)). 
Assuming that T is so small that 

(2.36) 27(c c 1 c 2 ) 4 T 1 / 2 d4v (0) ||^ 1(n) + 4c c 1 c 2 T 1 / 2 d 4 < 4c 

we obtain that (2.35) implies (2.28). Using (2.28) we express condition 
(2.33) in the form 

8(coc 1 c 2 ) 4 T 1 /^ 4[ ( 8co )3(||/||| 2(nT) + \\v(0)f HH ^ 

(2.37) i 
+ (T 1 / 2 ^) 3 ] < - 

There exists a function <^(co,ci,c 2 ) such that (2.36) and (2.37) imply 
(2.27). This concludes the proof. 



3. Regularity of swirl u 

Let us recall that u is a solution to problem (2.23). To show L 
estimate of u we need some notation 

Ak(t) = {x e O : u(x, t) > k}, u^ k) = max{« - k, 0} 

T 

li{k) = J meas « Ak(t)dt, 
o 

where § + ? = §• 
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Lemma 3.1. Assume that u G L oo (0), g £ L oo (0 T ). Then there exists 
a constant cIq depending on ||iio II (fi) ; ||fi r ||L 00 (n T ) such that 

(3-1) ll u IUoo(n T ) ^ Re- 



proof. Multiplying (2.23) i by and integrating the result over O yields 



1 d 
2~dt 

(3.2) 



a 



fi Q —a 

+ 2z/ y u^u^drdz = J gvS^dx. 
The last term on the l.h.s. of (3.2) equals 

a 

y \\u^ k) \ 2 )^ r drdz = u J \u^\ r=R \ 2 dz 



U^\ r=R \ 2 dz 



V 

h 



because u^\ r= o = 0. Otherwise the condition J Q T f^^dxdt < oo (see 
(2.15)) implies a contradition for u > k. Hence, (3.2) takes the form 

(3.3) \j t J \u^\ 2 dx + v J \Vu^\ 2 dx = j gu^dx. 



Q Q Q 



Integrating (3.3) with respect to time and using that k > HwolU^fi) we 
obtain 

(3-4) ' J, 

<c|b|| L3o( o.)||^|| ilo/3( n T )(M^)) 7/10 

In view of imbedding 1/ 2 °(0 T ) C L 10 /3(O T ) we have 

(3-5) \\u {k) \\ v o m < c\\g\\ Loo{nT) Hk)\* {1+>( \ 

where = ^,(1 + x) so | = 1 + x, x = | and //(/c) is calculated for 
r = q = 4p From [LSU, Ch. 2, Sect. 6, Theorem 6.1] we conclude the 
proof. 

Repeating the considerations from [Z3] and [LSU, Ch. 2, Sect. 8] we have 
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Lemma 3.2. (Holder continuity of swirl). Let g G C a,a / 2 (0 T ), u G 
C a (0), a G (0, 1/2]. Let u G L 10 (O T ). Then u G C a ' a / 2 (fi T ). 

For more details see [B] . 

Lemma 3.3. Let the assumptions of Lemmas 3.1 and 2.3 hold. Then 
(3-6) \K\\Unt)<4d 2 7, t<T, 

where d$ is introduced by (3.1) and d? by (2.15). 



4. A priori estimates for x in a neighborhood of the x 3 -axis 

First we examine the elliptic problem 

v r ,z - v z , r = x in O, 

V 

(4.1) iv,r + v Ztls + y = in O, 

V r \s! = 0, V z \s 2 = 0. 

Expressing (4.1)2 i n the form 

(4.2) (rv r ), r + (rv x ), z = 

we have existence of a potential ip = ip(r, z, t) such that 



(4.3) V - = T L ' Vz = -~ r 



r 



Then the boundary conditions (4.1) 3 are satisfied if 
(4.4) 

VH-Si = so ip(R, z, t) = and V|s 2 = so V'! 7 ") — a ) = ^{ r i a > = 0- 



Therefore, problem (4.1) takes the form 
(4.5) 



1 + — = x m n, 



' ,2 V r / ,r 



Vis = on S. 

To obtain an a priori estimate for v' = (v r ,v z ) near the a^-axis we have 
to work with problems with singular coefficients on it. Therefore, we 
can work either with functions vanishing sufficiently fast near the axis of 
symmetry or examining approximate solutions described by (2.26). We 
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shall restrict our considerations to the second case because it seems to be 

more precise. Then problem (2.25) for \ takes the form 

(4.6) 



X,t + v- Vx x-v 

r 



x = o 

x\t=o = Xo 



X 



+ X,zz + 2 



r/ ,r 



X 



in 0^ 



e > 
T 



on S( U U S 2 J e , 
in P , 



where O e , S £ , 2s are defined below problem (2.26). 

The condition x\s £ =0 follows from [Z4, Lemma 2.2]. Hence we assume 
that 



(4.7) 



X = for r < e. 



Solutions of (2.26) and (4.6) should be labeled with index e which we omit 
for simplicity. To examine a behavior of solutions in a neighborhood of 
the axis of symmetry we introduce a smooth cut-off function (j = Ci( r ) 
such that Ci( r ) = 1 for r < ro and Ci( r ) = for r > 2ro, where 2tq < R. 
Let us introduce the notation 



(4.8) 



x = xCi , 



Vu>C 



f — f'Ci ) fip — ftpCi- 

Then x is a solution to the problem 



X,t + v-Vx - —x-v 



X 



+ X,zz + 2 



r/ ,r 



X 



(4.9) 



+ 



2VcnV 



+ F 



X\r=2r =0, xl 

x\t=o = Xo 



0, x|s 2 =0, 



in Oj, 



in O s 



Lemma 4.1. Let O e = {x G O : < e < r}. Assume that there exists 
a weak solution to problem (1.1) described by Lemma 2.2. Assume that 
^ G L 4 (0^), x £ L20 (OnsuppCi,r x (0,T)), where suppCi.r = j> G O e : 
^0 < r < 2r } and ^ G L 2 (Oj). Tien for sufficiently smooth solutions to 
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problem (1.1) we have 

2 



(4.10) 



X 
r 

2 

< - 
v 



+ v 



V- 



ioo(0,t;L 2 (n £ )) ' L 2 (fi*) 

4 

+ c(l/r )d§ + c(l/ro)d 5 ||xlli 20 (n* , ) 
L 4 (n*) "7" e,Cl ' T - 

2 



+ 



r 

X(0) 



+ c 



L 2 (n E ) 



, t<T, 



where e < r and <is is introduced in (2.2). 



Proof. Multiplying (4.9) i by ^ and integrating the result over fi £ we 
obtain 

1 d 
2~dt 



X 


2 

+ v 


v- 


2 


r 




r 


L 2 (n e ) 



U - V ClX^-^(xCl,r),r^ 



(4.11) 



— vr 



>2 X 9 X>2 X 



+ 2 / ^i4rfx+ / f^r/,-. 



Now we estimate the particular terms on the r.h.s. of (4.11). The second 
term implies 



dx 



To estimate the first term on the r.h.s. of (4.11) we use properties of the 
cut-off function d = Ci(r). The first expression under the square bracket 
is bounded by 

c(l/r ) J \v r \x 2 dx. 

n e.Ci, r 

The fourth term under the square bracket is estimated by 



c(l/r ) 



X dx. 



e,Cl, 
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The second term under the square bracket equals 



Integrating by parts in the first integral in I\ it takes the form 



Hence 



I-TlI < c 



(Vro) / 



X 2 dx 



Finally, the third term under the square bracket yields 



CtrCidx = ^ I (Cl r C 2 ir), r drdz = I 2 . 

f2 e 



Then, 



< c(l/r ) J 



X dx. 



Applying the Cauchy inequalities and the Poincare inequality to the last 
term on the r.h.s. of (4.11) we estimate it by 



£2 
2 





V- 




F 


/ 








r 




r 



dx. 



Using the above estimates in (4.11) and assuming that e\ = £2 = f we 
obtain from (4.11) the inequality 



ld_ 

2di 



(4.12) 



< 



1 



v 



L 2 (fi e ) 
4 



V 

+ 2 



V- 



L 2 (f2 e ) 



L 4 {Q S ) 



+ c(l/r ) / |iv|x 2 dx 



+ c (i/r ) y x 2 rfx + c y 



F| 2 
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Integrating (4.12) with respect to time and using estimate (2.2) to the 
third term on the r.h.s. of (4.12) we have 



(4.13) 



X 
r 

2 

< - 
v 



ioo(0,t;L 2 (fi e )) 
4 



v- 



L 2 (n*) 



v 



r 



+ c(l/r ) 



\v r \x 2 dxdt' 



F 


2 

+ 


x(o) 


2 

, t <T. 


r 


L 2 (fi*) 


r 


L 2 (n e ) 



+ c(l/r )d§ + 



Applying the Holder inequality and using estimate (2.2) in the second 
term on the r.h.s. of (4.13) we estimate it by 

c(l/ro)||v|U 10/3 (n*)||xlli 30/7 (n* ^ ) 



< c(l/ro)d 5 ||xlU 20/7 (£i 



.)• 



Using the estimate in (4.13) we obtain (4.10). This concludes the proof. 

A crucial step in the proof of an a priori estimate in a neighborhood 
of the axis of symmetry is an estimate for v v (see [Zl]). Therefore we 
localize equation (1.4) with boundary and initial conditions included in 
(1.7) and (1.8). Hence we have the following problem 



v 

v<p,t + v ■ S7v v + - vAvp + z/-| = v ■ VCitV 



(4.14) 



- 2z/VivVCi - w^Ad + f v in fij, 
v<p\t=o = ^(0), 



V<p \ r =2r a 



0, ivlr=e = 0, V^zlSz 



Lemma 4.2. Assume that f^/y/r E L 20 / 11 (tt t £ ), E L 4 (fl s ), e > 

Assume that estimates (2.2) and (3.1) hold, d$ appears in (2.2) and de in 
(3.1). Assume that v is a solution of (1.1). Then for solutions of (4.14) 
the inequality is valid 



0. 



1 fv 4 Jt) 



dx H — v 



(4.15) < 



v 2 
r 



\Vr \ V 4 



dxdt' H — v 
4 

n* 

'2/1 , j \j2 



4 



r r 



f eteeft' + c(l/r )^(l + d 6 )d 2 6 + c 



+ 



1 



,1/2 



^20/ll(fi|) 



«J(0) 



dx, t < T. 
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~ I ~ I 2 

Proof. Multiplying (4.14)i by Vj£ and integrating over O e we obtain 



dtVp 



- J v ■ Vi> 



ry Zj j rjp 



I ~ 14 



V I ^ I ^ / 1 1) 

— v\ Av w y n y — dx + v I — 



(4.16) 



v J [2Vu, 



1VI1VI rfx 



+ y Uv v ^ydx. 



Now we examine the particular terms in (4.16). The first term on the 
l.h.s. of (4.16) equals 



4 dt J r 2 



n F 



The second term on the l.h.s. of (4.16) assumes the form 



£ 4 I 



dx = - [ —-%-dx, 
2 J r r z 



where the first integral vanishes after integration by parts because div v = 
and v • n\s 2s = 0, v v = on r = 2ro and r = e. Hence, the sum of the 
second and the third terms on the l.h.s. of (4.16) equals 



2 J r 



Integrating by parts and using the boundary conditions in the fourth term 
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on the l.h.s. of (4.16) yields 



h = v Vv v ■ V [v 



n. 



3z/ 



Y7~ V V 



V r 2 



dx — 



dx = 3u / |Vi> 



dx — 2u / v 



drdz 



n F 



■drdz 



n F 



3 

= —v 
4 



n F 



Vv 



r,2 



Q F 



dx / — 7T } drdz — v I —%-dx 



v 4 



n F 



-v 



v v 



dx + 



v I v 



dz — v 



4 

jdx 



n F _ 



3 

= -v 
4 



n F 



v 2 
r 



2 ~4 
V 



~2 ~2 



dx — v I -^jdx 



n F 



+ 



dz = —v 
4 



Q F 



r 



dx — 



v I v 



%dx + - 



r 



dz 



+ 



2 J r r 



drdz = -v 
4 



a 



n F 



v 2 



dx 



4 7 r 4 

Vl F 



_v_ f v. 
4j r 



dz. 



Using the above considerations in (4.16), employing that w VP | r=e = we 
obtain after integration with respect to time the equality 



(4.17) 



1 AW. 3 
dx + —v 



Q F 



V 2 

r 



3 f 

dxdt' + —v l -^-dxdt' 



ft* 



4 J r 

ft* 



= 3 r vr^ dxdt , + I v . VCiV v jP^ dxdt i 

2 J r v J r 



ft* 



ft* 



- v / [2V^^VCi + u^ACi 



—^-^—dxdt'+ I ftpV^-^-dxdt' 



+ 



ft* 

1 ' 



ft* 
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The second term on the r.h.s. of (4.17) is estimated by 

c(l/r )\\rvJ 3 Lx{Ql) J v 2 dxdt' <c(l/r )dldl 



where d$ appears in (2.2) and d& in (3.1). Similarly the third integral is 
bounded by 

cil/ro^rvjl^^ J (|V^| 2 + \v^\ 2 )dxdt' < c(l/r )d 2 d 2 . 



Applying the Holder and the Young inequalities to the term with f v we 
estimate it by 



-dxdt' = 



\U\ \v<p\ S 

ry* 1/2 y»3 j 2 



■dxdt' 



< 
< 



u 




v 2 


r l/2 


^20/ll( f2 ') 


r 



3/2 



3 



,4/3 



4/3 



+ 



iio/s(n|) 



4ef 



,1/2 



-^20/ll(^|) 



Employing the above estimates in (4.17) and choosing £i sufficiently small 
we obtain (4.15). This concludes the proof. 

To examine problem (4.5) it is convenient to introduce new quantities rj 
and # by the relations 

(4.18) V = rjr 2 , x = $r. 
Then problem (4.5) assumes the form 

(4.19) Ar] + ^-=$ in O, rj\s = 0, # = for r < e. 



Introducing the new quantities 

(4.20) V = vCl tf = tfCi 
we see that problem (4.19) takes the form 

2f» 2 
A77 + = i? + 2V?? VC 2 + 7/AC? + -Ci 2 ^ = + #i = #2, 

(4.21) r r ' 

fj\s 2 = ° 5 ^|r=2r =0, #2 = for r < E. 
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Lemma 4.3. Assume that G L 2 (0 T ) and v is a weak solution satis- 
fying (2.2). Then 

(4.22) J \Vf), rz \ 2 dxdt' + 6 J ^dxdt' < J -d\ r dxdt' + c(l/r )d§, 
si* n* n* 

where is introduced in (2.2). 

Proof. Differentiating (4.21)i with respect to r and 2 yields 

(4.23) Afj, rz -^+2^1 = ^ rz . 

r r 

Multiplying (4.23) by rj iT . z and integrating over implies 

J Afj }rz fj ;rz dx - 3 J T ^-dx + 2 J fj jrrz fj ;rz drdz 
n no, 

= J ^2,rzfj,rzdx. 

n 

Integrating by parts in the first term on the l.h.s. yields 
J n-Vf}, rz f}, rz dS 2 - J \Vfj, rz \ 2 dx - 3 ^ 



s 2 n n 



(4.24) 

+ 

n q n 



y (i] 2 rz ) jr drdz = J (d2,rV,rz),zdx - y d 2 ,rr),rzzdx. 



The first integral on the l.h.s. of (4.24) equals 

A = y V,rzzfj,rzdS 2 . 

s 2 

Expressing (4.21) in the cylindrical coordinates yields 

(4.25) </,rr + ^ + 3^=tf + 4 

In view of (4.21) we have that 77)53 = also fi, r \s 2 = an d V,rr\s 2 = 0- 
Therefore di\s 2 =0. 

Projecting (4.25) on £2 and using that d\s 2 = and $i\s 2 = we have 
that fj yZZ \s 2 = so also fj iZzr \s 2 = 0. Therefore, I\ = 0. 
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Since ^ 2 |s 2 = so a l so $2,r\s 2 = 0- Then the first term on the r.h.s. of 
(4.24) vanishes. Hence (4.24) takes the form 



(4.26) 



/ 



^V,rz\ 2 dx + 3 



Viz 



2 dx + I rj 2 rz \ r=0 dz 



n 



= J $2,rV,rzzdx. 

n 

Applying the Cauchy inequality to the r.h.s. of (4.26) we estimate it by 

1 
2 



:; dx + ^ I $\ r dx. 



n 



Using this in (4.26) implies 



(4.27) J \Vfj, rz \ 2 dx + 6 J^dx< j d\ r dx. 

To estimate the r.h.s. of (4.27) we examine 

j $l r dx < C(l/r ) J (V 2 rr + V 2 r + V^X 

n n,ci, r 

< c(l/r ) j {^ 2 rr + ip 2 r + ip 2 )dx < c(l/r ) j (i£ r + v*)dx, 



n 



Cl.r 



where we used the equality ip(r,z) = f R ipy(r',z)dr'. Therefore, (4.27) 
takes the form 



*dx + 6 



(4.28) 



/ ^ 

+ c(l/r ) J (vl r + v 2 z )dx. 



dx < I d\ r dx 



Integrating (4.28) with respect to time and using (2.2) yield (4.22). This 
concludes the proof. 



Corollary 4.4. Since i) r 
(4.22) takes the form 



and d = — then 

r 



(4.29) 



< 



dxdt' + 6 



1 / V r 
12 



dxdt' 



dxdt' + c(l/r )d§. 
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Lemma 4.5. Assume that ^1 e L 2 (O e ), f G L 2 (Qj), ^= G L 20/11 (Qj), 

Vip J^ G L 4 (O e ). Assume that (2.2) and (3.1) hold, where d 5 and d 6 are 
introduced. Assume that 

(4-30) IMIwnp < U^v, 

which can be satisfied because u vanishes on the axis of symmetry, it is 
the Holder continuous and supp £ is sufficiently small. Then the following 
a priori inequality holds 



(4.31) 
where 



V°(£l*) 



< c(l/r )d 5 ||xllw n * )+ cA2 ' ^ T 



A 2 = c(l/r )d§[l + (1 + d 6 )d§] + 



X(0) 



+ 



L 2 (n e ) 



L 2 (n*) 



+ 



+ 



^20/ll(fi|) 



L 4 (n e ) 



Proof. From (4.10) and (4.29) we have 

2 



(4.32) 



eteeft' + 6 



1 f v r 



ill 



dxdt' 



^ / ^^ / + c(l/r )4||x||L 20/7 (a lci ^)+cA?, 



where 



A? = c(l/r )d§ + 



x(o) 


2 

+ 


F 


2 


r 


L 2 (fi e ) 


r 


L 2 (n*) 



To estimate the first term on the r.h.s. of (4.32) we use (4.15) in the form 

2 



(4.34) 



v 4 

-^rdxdt' < - 

r 4 v 



dxdt' + cA\, 



where 

(4.35) Ai = c(l/r )^(l + d 6 )^ + 

27 
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Now we examine the first term on the r.h.s. of (4.34) in the following way 

1 f \^ r 2 v l v l dxdt > = 2 f \llf u ii dxdt > 
v J r r v J r r 



< 



v 



- / -^rdxdt' H IMIf m n / ^dxdt' 



Setting e = | in the above inequality we obtain from (4.34) the inequality 



(4.36) 



-^cW < -^H|j roM / -^dxdt' + cAl. 



Using (4.36) in (4.32) and applying the Hardy inequality 



(4.37) 
we obtain 

(4.38) 



dx < / ( — I <ix 



6 / ^(7) ^^^^NlL^j/^^ r 



fit fij 

+ c(l/r )d 5 ||xllw n . + c(A?+^). 



dx 



Assuming that 



6 -^NlL»(n* c )^ 1 » 



which can be expressed in the form 
(4-39) 

we obtain from (4.38) the inequality 



11 - 4 / 5 



(4.40) 



1 



dxdf < c(l/ro)d5||xlli 20/7 ( n * Ci j + c(Aj + A\) 



Employing (4.39) and (4.40) in (4.36) implies 



y ^dxdf < ^|^[c(l/ro)d5||xlli ao/T(n;iCi ^) 



(4.41) 



+ C (A? + A\)\ + cA\ 
<c(l/ro)d B ||xlli ao/T (n*, ^ciAj + Al). 
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In view of (4.41) inequality (4.10) takes the form 



(4.42) 



+ 



V- 



L 2 (fi|) 



< c(l/r )d 5 ||xll2 20 /7(n* , ) + < A l + A D- 

I e ' Cl ,r 

This concludes the proof. 

Lemma 4.6. Let the assumptions of Lemma 4.5 hold. Then 



(4.43) 



< cA, 



where A is introduced in Lemma 4.5. 



Proof. From (4.31) we have 



(4.44) 



< ci 



Let us introduce the sets 



+ cA. 



fi( A ) = {( r , z) e O e : < e < r < r - A, \z\ < a} 

and connect with them a set of cut-off functions such that 

1 for (r, z) e tt[ x) 



C (A) 



for (r, z) e fi e \ 



Let t? = -. Then (4.44) can be expressed in the form 



(4.45) 
From (4.45) we have 



iio /s (flr '\"rx(o,t)) 



l^l 10 / 3 ^' 



(4.46) 



n< A) x(o,t) 



< cic x 



10/3 



|tf| 10 / 3 cM' + c 2C 10 / 3 A 10 / 3 , 



fi( A/2) \n< A) x(o,t) 
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where c 2 = 2 10/3_1 . Adding 

C2C ; o/3 J \d\ io ^dxdf 



to both sides of (4.46) we obtain 

J \$\ 10 / 3 dxdt' 

ni X) x(o,t) 

(4.47) 



< 



C 2C ;° /3 r . ... r^O/S 



I i 10/3 

1 + c 2 c x 



\$\ 10 / s dxdt' + C2 ° in/ , A 1Q / 3 . 

i + C2C ; o/3 



^ V2) x(0,t) 



Introducing the notation 

f 10/3 

/(A)= / \d\ 10/3 dxdt r , p= C2Cl 10/3 <l 

n< A) x(o,t) 

10/3 

= 2 ,4 

. , 10/3 ' 
1 + C 2 C X 

we obtain from (4.47) the inequality 

f(\)<Vf(\/2) + K, 
which implies the estimate 



oo 1 

f(\)<Y^^K = -—K. 

3=0 f ' 

Therefore, Lemma 4.6 is proved. 



5. Estimate for x in a neighborhood located in a positive 
distance from the axis of symmetry 

Let C2 = C2O") be a smooth cut-off function such that C2M = for 
r < r and C2( r ) = 1 for r > 2r . Let {Ci( r )? C2( r )} compose a partition 
of unity in the radial direction. Let us introduce the notation 

, K1 , X = xCl v ip = v ip b, v=v'Cl F = F& f' = fXl 
(5.1) 

f<p = f(fiC2- 
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In view of (4.6) function x is a solution to the problem 



X,t + v- Vx- — X-v 



r\ — 

r 



(5.2) 



(x(L),r + r 



X 



+ 



X\r=r = 0, X\S 1 US 2 = 0, 
X\t=0 = Xo 



in Q J 



in Q. 



Lemma 5.1. Assume that v is a weak solution to problem (1.1) satisfying 
assumptions of Lemma 2.1. Let the assumptions of Lemma 3.1 hold. 
Let d\, d,5, d-j, d§ be constants introduced by (2.1), (2.2), (2.15), (3.1), 
respectively. Let F e L 2 (0, T; L 6 / 5 (0)), x(0) G L 2 (0). Then solutions to 
(5.2) satisfy the estimate 



(5.3) 



where 



< c[c(l/r )di + 1]A , t < T, 



(5.4) = c(l/r )(^ + + ||F||i 2(0) T;L 6/5 (O)) + -2 IIX(0)II1 



(n) 



and r is introduced by the definition of the cut-off function C2( r )- 



Proof. Multiplying (5.2) i by p-, integrating over O and using the bound- 
ary conditions yields 



1 d f x 



(5.5) 



2dtJ r 2 
n 



— z/ 



dx + v 



n 



X 



dx 



+ 2 I ^2l^dx+ I -*dx. 



n 



si 



Now we estimate the terms from the r.h.s. of (5.5). We estimate the first 
term by 



L (n) 



+ c(l/ro,l/£i)||^xll! 6/5 (n <2r )- 
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The first term under the square bracket of the second term yields 
j xAtrd^drdz + J X 2 ^2(Cf,r),rCfd£ = h, 



Si Si 

where the first integral in Ii equals 



Hence 



~\ j \ 2 (klr(i)drdz. 

Si 

\h\<c(l/r ) J X 2 dx. 



<2,r 

Similarly, the integral with the second term under the square bracket 
implies 



Si 



Then 



z) ^(l r &drdz = ~ f ^(Cl, r Cir),rdrdz 
rJr r 2J 

\h\<c(l/r Q ) J X 2 dx. 

Sir, _ 



h. 



Finally, the integral with the last term under the square bracket is bounded 
by 

c (V r o) J X 2 dx. 



(2, 



Summarizing, the second term on the r.h.s. of (5.5) is bounded by 



c (V r o) J X 2 dx. 



<2,r 



The third term on the r.h.s. of (5.5) yields 



v v> ( X 



dx 



Si 



< e 2 



-\ 2 

X 



dx + c(l/e 2 ) / ~rdx 
r / z J r 4 

Si ' Si (2 



< e 2 J dx + c(l/e 2 ,l/r ) J v^dx. 

Si Si 
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Finally, the last term on the r.h.s. of (5.5) is bounded by 



S3 



+ c(l/e 3 ) 



L 6/5 (n) 



Employing the above estimates in (5.5) and choosing Ei — £ 3 sufficiently 
small yield 



d 
dl 



f 


X 


dx + v\ 


V- 




r 




r 



(5.6) 



dx < c(l/r )||v|| L2(n) ||x|| L 3 ( n C2 r) 
+ c(l/ro)||xlli 3 (n C2 r ) + c(l/ro) J v%dx + c 



Integrating (5.6) with respect to time and exploiting estimates (2.1) and 
(3.6) we obtain 



L oo (0,t;L 2 (fl)) 
2 ii i|2 



,x 



(5.7) < c(l/ro)^||xlli 2 ( 0l t ; L3(n Ca r » + c(l/r )(^ + dffi) 



+ c 



+ 



L 2 (0,t;L 6/5 (f2)) 



x(o) 



1,2 (n) 



where t < T, d± is introduced in (2.1), d$ in (2.2), de in (3.1) and dr in 
(2.15). To estimate the first term on the r.h.s. of (5.7) by data we express 
(5.7) in the form 



(5.8) 



lxlU 3 (n') < c i|lxlU 3 (n* ) + 

^2 ,r 



where c\ = c(l/ro)d\ and Aq is defined by (5.4). 

To apply the local considerations (see [LSU, Ch. 4, Sect. 10]) we introduce 
the sets fi( A ) = {(r,z) G O : r > r' + A} and corresponding cut-off 
functions (^(x) such that (( x \x) = 1 for x G fi( A) and ( W (x) = for 
x G O \ fi (A/2) , so |VC (A) | < f • Moreover, we assume that r' Q + A = 2r . 
Then (5.8) can be expressed in the form 

( 5 - 9 ) Wx\\L 3 (nWx(o,t)) < c i\\x\\L a (n(^/ 2 )\nWx{o,t)) + A . 

Hence 

( 5 - 10 ) HxllI 3 (n(A)x(o,t)) ^ 4c illxlli 3 (n(A/2)\n(A) x(0)t)) +4A^. 
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/4c 3 f 4 

\ X \ 3 dxdt' < ^3-^- J \ X \ 3 dxdt' + j^Al 



By the filling-hole argument we have 

4c? 

t < ITT 1 
~ 4c 3 + 

!lWx(0,t) n(V2) x (0,t) 
Introducing the notation 

4c|_ 4 

.3 , 1 ^ 



/(A)= J \ X \ 3 dxdt\ ^ = ^7 

n( A >x(o,t) 

we obtain from (5.11) the inequality 

f(X)<fif(X/2) + K 



K 



A3 

4c 3 + 1° 



which implies the estimate 

f(\)<J2^K = T —K. 

3=0 ^ 

Employing the estimate in (5.7) we get (5.3). This concludes the proof. 



6. Estimate for v' 



From Lemmas 4.5 and 4.6 we have 



(6.1) 



where 



< cA, t< T, 



v°(n*) 



A 2 = c(l/r )dj{l + (l + d 6 )d 2 6 ] 



F\ 2 



(6.2) 

t 

+ — 

Next, Lemma 5.1 implies 



X(0) 



+ 



U 



+ 



^20/ll( n |) 



L 2 (n e ) 
%(0) 



, t < T. 



L 4 (n v ) 



(6.3) 



v°(n*) 



< c[c(l/r )4 + 1]Aq, t < T, 
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where 

|2 t-\ i \/j2 i jl jl\ i II 77>I|2 



K = c(l/r )(di + d z 6 d z 7 ) + ||F||£ 3(0>t . L6/5(n)) 



(6.4) i 



+ 3llx(0)||i a(n) , t<T. 
' o 

Inequalities (6.1) and (6.3) imply 
(6.5) 



<cA + c[c(l/r )d( + l]A = cA*, t<T. 



Let us consider problem (4.5). It is convenient to introduce new quantities 
r\ and •& by the relations 

(6.6) V = W \ X = ® r - 
Then problem (4.5) assumes the form 

(6.7) An + = ■& in O, 77^ = 0, ■& = for r < s. 

r 

Since (6.5) holds we have 

Lemma 6.1. Assume that 1? € if 1 (0). Then for a sufficiently smooth 
solution of (6. 7) we have 

J (V 2 + |V??| 2 + |V?7, r | 2 + |V??, 2 | 2 + |V7?, 2r | 2 + \Vn ;ZZ \ 2 )dx 



n 

- ,2 ^2 



+ / (?2 1 + % : ) rf:r + I (V 2 r\r=R + V 2 rz\r=R)dz 



(6.8) 



Q —a 
a 



+ y (?? 2 |r=0 + ^ 2 r |r=0 + ?? 2 2 |r=0 +^^=0 +?7 2 22 |r=o)^ 
— a 

< c / (tf 2 +tf 2 r + tf 2 2 )cfe. 



n 



Proof. Multiplying (6.7) 1 by rj, integrating over Q and using the boundary 
conditions yields 

-J \Vn\ 2 dx + 2 J T ^-rdrdz = J nMx. 
vl n n 
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Applying the Cauchy and the Young inequalities to the r.h.s. of the above 
equality gives 



a 

n —a ci n 

In view of sufficiently small e and the Poincare inequality we get the 



estimate 



a 

(6.9) /tf + |V,|>)«fa + /,W<c/*»<fa. 

Q -a Cl 



Differentiating (6.7) i with respect to r, multiplying the result by r\, r and 
integrating over O yields 

(6.10) J Arj^rj^dx — 3 J T ^dx + 2 J ^ ,rr ^' r dx = J fl^^dx, 
Q Q n 

where we used that (6.7) i takes the form 

V,rr + V,zz + 3— = SO T] )Trr + T]^ zz + 3— - 3^y = tf r 

(6.11) r r r 
and Ar 7)r + 2^-3^=^, r . 



Integrating by parts in (6.10) and using that r], r \s 2 = we obtain 

y n ■ Vr) jr i] jr dSi — J \ Vi] jr \ 2 dx — 3 ^ '-^dx + J (i] 2 r ) }r drdz 

(6,2) * » « r » 

= / l &, r r}, r dx. 

Q 

In view of (6.11) we have 

77 r 

• V^rlSi = ?7,rr|Si = -3-^ISj. 

Moreover, integrating by parts in the r.h.s. of (6.12) gives 
J ($r] jr r) !r drdz — J "&{r], rr r + rj !r )drdz, 

where the first integral vanishes because $\ r =R = and i}\ r =o = 0. 
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Therefore, (6.12) takes the form 



a a 



(6.13) 



J \Vi] jr \ 2 dx + 3 + 3 J i] 2 r \ r= Rdz - J i] 2 r \ r= Rdz 

Si Si —a —a 



a 

+ J V 2 r \r=odz < e(^j r) 2 rr dx + J ^dx^j + c(l/e) J $ 2 dx 



Si Si Si 

For sufficiently small e, (6.13) implies the estimate 



.2 



^ J \^V,r\ 2 dx + ^ J ^-dx + 2 J i] 2 r \ r=R dz + J i] 2 r \ r=0 dz 

Si 

<cj 



2 

(6 14) ^ Si —a —a 

r $ 2 dx. 



Differentiating (6.7) i with respect to z, multiplying the result by i] ;Z and 
integrating over Q gives 

J Ai] jZ i] jZ dx + 2 J rj trz rj tZ drdz = J •d^-q^dx. 

Si Si Si 

Integrating by parts and using that rj^ zz \s 2 = 0, rj jZ \s 1 = 0, i?|s 2 = we 
obtain 

J \Vr] tZ \ 2 dx - J (i] 2 z ) }r drdz = J "dr}^ zz dx. 

Si Si Si 

Continuing, we have 

a 

J \Vi] )Z \ 2 dx + J rj 2 z \ r = dz<e J tf zz dx + c(l/e) J $ 2 dx. 

Si —a Si Si 

Hence, for sufficiently small e, we obtain 

a 

(6.15) J \Vi], z \ 2 dx + J rj 2 z \ r=0 dz<c J $ 2 dx. 

Si —a Si 

Differentiating (6.7) i with respect to r and z yields 

(6.16) A V , rz -^+2^ = $ zr . 

r r 
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Multiplying (6.16) by r\^ rz and integrating over O implies 

J Ai] jrz i] jrz dx - 3 J 1 ^dx + 2 J r} !Zrr r) jZr drdz 
n a, n 



(6.17) 



Ax. 



,zr>- 

Integrating by parts in the first integral on the l.h.s. yields 



2 

V.zr j 



(6.18) 

+ 



s n q 

J (r} 2 zr ), r drdz = J ($,rV,rz),zdx - J $, r V,rzzdx. 
a, a, n 

The first integral on the r.h.s. vanishes because ^, r |5 2 = an d the first 
integral on the l.h.s. equals 

J V,zrrrj,zrdSi + J i] jZrz r) jZr dS 2 = h- 

Si S2 

Since i] :rr = — ^f- on Si, so i]^ rz = — ^f^ on Si also. Therefore, the first 
integral in Ii takes the form 

n 

-2 



-3 J ^-^-rdz = —?> J rj 2 rz \ r= ndz. 



Si -a 

Projecting (6.11) on S 2 gives i] jZZ \s 2 = 0, so also i] jZzr \s 2 = 0. Therefore, 
the second term in Ii vanishes. 

In view of the above considerations, (6.18) takes the form 



(6.19) 



a 

J \Vi] jZr \ 2 dx + 3 J ?] 2 rz \ r = R dz + 3 J 

U —a Q 

~ J (V 2 zr),rdrdz = J $,rV,zzrdx. 



2 

V.zr , 

— Y dx 



Performing integration by parts in the last term on the l.h.s. and applying 
the Cauchy and the Young inequalities to the r.h.s. we derive 

a 



\Vr] jZr \ 2 dx + 6 / ^^dx + 4 / r] 2 rz \ r= Rdz 



a 



(6.20) 

+ 2 / r] 2 rz\r=odz < J $ 2 r dx. 
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Differentiating (6.7) i twice with respect to z, multiplying the result by 
t] jZZ and integrating over Q we arrive to 



J Ar) )ZZ r) )ZZ dx + 2 J rj jZzr rj jZZ dx = J $, zz r) tZ 



Ax. 



n n a 

Since rj tZZ vanishes on Si U S2 the above equality takes the form 



(6.21) 



J \^v\,zz\ 2 dx + J n 2 zz \ r=0 dz = - J($, z r], zz ), 
n —a n 

+ J $,zV,zzzdx 

n 



Since rj jZZ \s 2 = the first integral on the r.h.s. of (6.21) vanishes. Ap- 
plying the Cauchy and the Young inequalities to the second term on the 
r.h.s. of (6.21) we derive 

a 

(6.22) J \Vrj, zz \ 2 dx+ J V%\r=odz < c J f z dx. 

Q — a Q 

From (6.9), (6.14), (6.15), (6.20) and (6.22) we obtain (6.8). This con- 
cludes the proof. 

Estimate (6.8) does not contain the norm || Vn jrr \\l 2 (ci) because to 
estimate it we need vanishing of rf jrrr \s 1 - But the boundary conditions 
on Si do not imply it. Therefore we recall a smooth cut-off function 
C = Ci( r ) such that Ci( r ) = 1 for r < ro and Ci( r ) = for r > 2r , 
2ro < R. Introducing the notation 

(6.23) V = r ] (l d = V( 2 
we see that fj is a solution to the problem 

(6.24) At) + ^ = + 2V77VC! 2 + r?ACi + ^ = # + #i = #2, 
fj\s 2 = 0. 

Lemma 6.2. Let fj be a solution to (6.24). Let $ r G L 2 (0), v' G if 1 (0). 
Then the following estimate holds 

a 

J I Vfj^ rr \ 2 r 2 dx + J \fj :rr \ 2 dx + J \fj jrr \ 2 dx + J \fj jr \ 2 dz 

(6.25) n ft ft -a 



<-°J 



$ 2 r dx + c\\v'\\ 2 m{n) . 
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Proof. Differentiating (6.24) twice with respect to r, multiplying the 
result by r 2 f\ and integrating over O yields 

(Afj) ^ rr r 2 fj irr dx + 2 ( — ) r 2 fj^ rr dx 



n q 



r 



,rr 



(6.26) 

= / d2,rrT 2 Tl^ r dx. 



Since Arj = r\^ rr + rj jZZ + -y- we have 



rr 1 

<> 



(Afi) -fi +f7 I V,rrr 2 V,rr I 2 V,r 

\'-* l l),rr — 'l,rrrr T i^zzrr T m ^,2 ^.3 



Employing the expression in (6.26) implies 

+ 2 ( — ) r 2 fj rr dx= I $2 rrr 2 ri rr dx, 

J \ r J ,rr ' J ' 



(6.27) 



where r7, r r|s 2 = an d ?7 vanishes with all derivatives on Si. 

Integrating by parts in (6.27) and using the boundary conditions we arrive 

to the equality 



(6.28) 



Vr} jrr V(r 2 i] jrr )dx + 6 J \i] jrr \ 2 dx 
n n 



— 6 J fj jrr f] jr drdz — 2 J f]^ rr f]^ rr rdx = J $2,rr r ' 2 'n,rrdx. 
n n n 

Continuing calculations in (6.28) gives 

J I Vfj )rr \ 2 r 2 dx + 2 J f) jrrr fj jrr rdx + 6 J \fj }rr \ 2 dx 
n n n 

— 6 J fj jrr f) jr drdz — 2 J f)^ rr f\^ r rdx = J r d2,rr^ 1 f\,rrdx. 
n n n 

Next, we have 

J | Vfj jrr \ 2 r 2 dx + 6 J \fj jrr \ 2 dx — 3 J d r \f) }r \ 2 drdz 
n n n 

= J ($2,rr 2 f) ;rr ) }r dx - J $2,r(r 2 f}, rr ) tr dx. 
n n 
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Since ?7, r |r=i? = 0, r) : rr\r=R = 0, t?| r < £ = we obtain 

a 

J | V?) )rr \ 2 r 2 dx + 6 y |^ jT . r | 2 rfx + 3 J \fj >r \ 2 \ r= odz 
n n —a 

= - J ($2,rV,rrrr 2 + 2l} 2 ,rV,rrr)dx. 



(6.29) 



n 



Applying the Cauchy and the Young inequalities to the r.h.s. of (6.29) 
implies 



a 



I | Vfj !rr \ 2 r 2 dx + 6 I \fi j, r \ 2 dx + 6 j \fj tr \ 2 \ r =odz 
(6.30) n n -o 

< c y $\ r dx < c y ^ 2 r c?x + c y #1^. 



n no, 



The second integral on the r.h.s. of (6.30) will be estimated in the following 

way 

y $ 2 hr dx = j ^2Vr?VCi + r?ACi + r 2 dx 

<c y (?7 2 rr + 77 2 r + 77 2 )cfe < c y (^ 2 rr + V 2 r + V' 2 )^ 

< c y (v 2 r + v 2 )dx + c J ip 2 dx = I. 



n ci, r nci, r 



Since ?/>|s 2 = we have 

2 

ip{r,z,t) = J ip }Z dz 

— a 

and the second term in / is estimated by 



7"- 



c / f r (ix. 



r 2 

n 

Summarizing, 



(6.31) y 0?, r <fe<c||t/||^ n) . 



12 
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From (6.30) and (6.31) we obtain (6.25). This concludes the proof. 
To find an estimate for r\^ rrr in a neighborhood located in a positive dis- 
tance from the axis of symmetry we introduce the notation 

(6.32) V = V(l = #Cf- 

Then (6.11) takes the form 



(6.33) 



V,rr + V,zz + 3 



V,r 



# + 2ri, r <Zl r + Ti{l rr + 3 



vCi 



Lemma 6.3. Let d G ii/" 1 (0). Then 



(6.34) 



\V,rrr\\L 2 (Cl) 



+ $ 2 r + $ 2 z )dx. 



Proof. Differentiating (6.33) with respect to r yields 



V,rrr ,rzz 

+ 3 



-3 



(6.34) 



0, r + 2T,, r Ci r + vCi 



+ 3 



vC. 



2,r 



In view of (6.8) we obtain from (6.34) the inequality 



(6.35) 



I V,rrr \\ L 2 (fi) — C \\V,rzz || L 2 (fi) + C (V r o) II V,rr \\ L 2 (f2) 

+ c(l/ro)||7/, r ||i 2(n) + cp, r ||| a(n) + c(l/r )(||77 

+ ll*/,r||i a( n Ca ) + IMli 2 (fi C2 )) < c(l/r ) | (^ 2 + ^ + ^ 2 2 )^. 



12 



This concludes the proof. 

However, the norm on the l.h.s. of (6.5) is over fi e we can pass to the 
limit e = because the r.h.s. of (6.5) is independent of e. 

Lemma 6.4. Assume that K G V$(Q T ). Then 



(6.36) 



v r 


< c 


X 




r 




r 


v 2 °(n T ) 



Proof. From (6.8) we have 

(6.37) J(r] 2 z + r] 2 zrr + n 2 zzr + n 2 zzz )dx < c 



ff!(n) 
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Using that 



r\ z dx = 
a, Q 



dx, 



J (\V,zrr\ 2 + \V,zzr\ 2 + \V,zzz\ 2 )dx 
ft 



+ 



,rr 



+ 



we obtain from (6.37) the estimate 

2 



(6.38) 



< c 



,zr 



2 I 



,zz. 



dx 



Integrating (6.38) with respect to time implies 



(6.39) 
From (6.15) we have 
(6.40) 

and (6.9) yields 



< c 



L 2 (0,T;JP(fi)) 



L 2 (0,T-m(Q)) 









/ 


dx = l 




r 





n 



L 2 (f2) 



dx 



4> 



The above two estimates yield 

2 



,z 



dx < \Vrj\ 2 dx < c 



n 



L 2 (fi) 



(6.41) 



< c 



L 2 (fi) 



In view of the assumptions of the lemma estimate (6.41) implies 



(6.42) 



v r 
r 



< c 



L oo (0,T;L 2 (n)) 



From (6.39) and (6.42) we derive (6.36). This concludes the proof. 
Next we have 
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Lemma 6.5. Assume that x G V£(Q T ). Then 



(6.43) 



l u/ Hv 2 1 (n T ) < c 



v 2 °(n T ) 



Proof. Since v r 



ri] jZ , v z = — — = — ri] ;r — 2i] we have 



(6.44) 



dvtvr + iv^r + W + \v z \)dx <cj + \vrj\- 



+ |V?7,r| 2 + |V?7, 2 | 2 )rfx < c 
where (6.8) was used. Similarly, 



J(\W 2 (v r )\ 2 + \V 2 (v z )\ 2 + \v r \ 2 + \v z \ 2 )dx 
(6.45) < c / (|V 2 (rr7, 2 )| 2 + |V 2 (r??, r )| 2 + \V V \ 2 + \ V \ 2 )dx 



< C 



where Lemmas 6.1, 6.2, 6.3 were employed. Taking norm with respect 
to time to (6.44) and L 2 norm with respect to time to (6.45) we obtain 
(6.43). This concludes the proof. 



7. Estimate for the angular component of velocity 

Let us consider the problem 



(7.1) 









1 




= -Vu, 


r 




= 


v <p\t= 


=o = v v ( 



— v v + = jtn m \l 

T 



on S(, 

on Sj, 
in O. 



Lemma 7.1. Assume that 1^,(0) G H^(Q), G L 5/2 (0,T;W£ /2 (Q)), 
ftp G L 2 (0 T ). Assume that A defined by (6.2) and A defined by (6.4) are 
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finite. Let A* be introduced in (6.5). Then 
1 



(7.2) 



where 



< T^M )!!^) + cd 6 + ( P( A *)\K\\L 5/2 (o,t-,wi /2 (n)) 
+ ll/*>lli a( n*)> t< T , 



u 



llH i(n)= (/(|V«| 5 



+ 



it 



1/2 



Proof. Multiplying (7.1) 1 by v Vit and integrating the result over O yields 



v ^ dx+ 2d t r Vv * 1 dx+ 2dt ^ dx 



n 



(7-3) - ~ /^l^dz < I |< t dx + ^ / V • 

— a Q 



+ 



v. 2 , ^(ix + - — / -4ri; efcc + — / f 2 + 



2 / 



2e 2 J r 2 v 



2 / -V,* 1 



1 

2T3 



fipdx. 



Setting £1 = £ 2 = £3 = \ we get 
1 



^ / vl jt dx + 



v_d_ r 

2M J 



v d f v : 



Vi><J dx + — — / — Trdx 



2 dt J r 2 
n 



(7.4) 



v d 
2~dt J 

— a 



v 2 n \ r= f/dz < I \v' ■ Vv^dx + I -^v 2 „dx 



„2 <p 



+ 1 /Jdx 



Integrating (7.4) with respect to time and using that 



W\\l 10 (^ t ) + 



Li (fi*) 



where Lemmas 6.4 and 6.5 are employed, we obtain from (7.4) the in- 
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equality 



\ J vl t ,dxdt'+ U - J \Vv ip {t)\ 2 dx+ V - J V -^dx 

a 2 

+ P -f vl\ r=R , t=Q dz <^J \Vv ip (0)\ 2 dx + V - J V -^-dx 



-a fi Q. 

a 



(7.5) 

+ \ J vl\ r=R ,tdz + (p(A*)(\\Vvv\\ 2 Lii/2int) + IKIl! 5/2 (n*)) 

— a 

Using that the third integral on the r.h.s. of (7.5) is bounded by cd^ (see 
(3.1)) we derive (7.2). This concludes the proof. 

To estimate the coefficient near ip(A*) on the r.h.s. of (7.2) we intro- 
duce the Green function to the linear part of problem (7.1). Let us denote 
it by G. To obtain an estimate independent of time we consider problem 
(7.1) in the intervals (0, T ) and (kT , (k + 1)T ), where k G N and T Q is a 
given positive number. For t G (0, T ) problem (7.1) can be expressed in 
the following integral form 



v v (x, t) = J V Va G(x -y,t- r)v' a (y, r)v^(y, r)dydr 

- / G(* - „, t - r) {^v v (y, r) + dydr 
+ J G(x — y,t)v<p(y,0)dy + J G(x — z,t — T)-v lfi (z,r)dzdT 



(7.6) 



+ J G{x-y,t-r)f v {y,r)dydr, £g(0,T o ). 

To examine problem (7.1) in the interval (kTo, (k + 1)T ), k G N, we 
introduce a smooth cut-off function £ = £(£) such that = 1 for t G 
[fcT , (A: + l)T ] and C(*) = for t £ \{k - 1/2)T , (k + 3/2)T ]. 

Multiplying (7.1) by £ and introducing the notation t? v = i^C, f v = f^Q 
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we obtain 



(7.7) 



A ~ It-,- V r - 

V<p jt ~ vlxv^ + v ■ vv^ + — i> v 

= U + V U 
1. 

V( P,r — ~ V <P 
V v , z = 

V<p\t=(k-1)T = 0- 



in Ox ((k-l)T ,(k + 2)T ), 
on St x ((fc-l)T ,(fc + 2)T ), 
on S 2 x ((fc-l)T ,(fc + 2)T ), 



Using the Green function we express (7.7) in the following integral equa- 
tion 
(7.8) 



v v (x,t)= J j 'Vy a G(x-y,t-T)v' a (y,T)v v (y,r)dydr 



(fc-i)To fi 



f jG(x-y,t-r)( 2^v v {y, r) + ] dydr 



(fc-l)T G 
t 

+ J J G(x — z,t — T)-v<p(z,T)dzdT 

(fc-l)To Si 
t 

+ y y G(x -y,t-T)(f< p (y,T) + v v (y,T)C(T))dydT, 

(fc-l)To f2 



where t G {{k - 1)T , (Jfe + 2)T ). 

Lemma 7.2. Assume that T > is a given positive number. As- 
sume that Vip (0) G W^fi), G L 5/3 (0 x ((fc - l)T ,(k + 1)T )), 
^ G L 10/3 (O x ((jfe - 1)T , (A; + 1)T )) for jfe G N. Then the following 
estimates hold 



^|| w i,i/2 (nt) < c(T ) 



(7.9) 



5/2 
2 



V?(A,)rf 7 + T 2/5 4 + 11^(0)1^1/5 



^5/2 (") 



L 10/3 (Q T 0) 



+ \\U\\l 5/3 (q t o) 



t < T ( 



0; 
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and 
(7.10) 



v f\\ W ^ 2 (Qx(kT ,t)) ^ C ( T o) 

Of 2 



+ 



L 10/3 (nx((fc-l)To,(fc+l)T )) 



^(A,)rf 7 + T 2/5 4 

+ ll/vlU 5/3 (nx((fc-l)To,(fc+l)To)) 



+ cT - 13/20 4 /2 4 /2 



, * G (fcT ,(fc + l)T ), 



where ^ is introduced in (3.1), d-j in (2.15) and A* is defined by (6.5). 
Moreover, the last term on the r.h.s. follows from estimate (3.6). 



Proof. First we consider the case t G (0, To). Applying the potential 
theory to (7.6) yields 



v 



i,i/ 2(nt) < c{T )[\\v'v v \\ LAa T 0) 



V 



(7.11) 



+ 



-v 



r 



+ 



L 5 , (» T o) 

5 + CT 



5 + CT 



+ ll^(°)ll WCT 1 - 2/CT (fi) + WUWl 5ct (fi T o)], * < T 0- 

5 + <T 



To estimate the third term on the r.h.s. of (7.2) we assume that a = 5/2. 
Then (7.11) takes the form 



5/2 ' 



m v 



L 5/2 (fi T o) + 



(7.12) 



+ 



+ k> 



i 5 /3(f2 T o) 



£5/3 (" T °) 



+ \\U\\L 5/3 (n T o) 



, * < T . 



Now we estimate the particular terms from the r.h.s. of (7.12). Applying 
the Holder inequality the first term on the r.h.s. is bounded by 

\W^\\l 5/2 (Q^o) < lMlL 10 (fi T o)IKIUio/3(fi T °) ^ <P( A *) d 7, 

where we used (2.7), (2.15), (6.5) and (6.43). 

Similarly, the second term on the r.h.s. of (7.12) is bounded by 



< \\Vr 



L 5/3 (ii T o) 



< (p(A*)d,7. 



L 2 (n T o) 
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Assuming that > 1 (otherwise we have regularity of axially symmetric 
solutions) the third term on the r.h.s. of (7.12) is estimated by 



^10/3 



(Q T o) 



The fourth term is bounded by 

/T|2 /5 1 1 II ^ rri^ / 5 7 

cT o \m\ Loo (QT 0) < cT ' d 6 , 

where (3.1) is used. Summarizing the above estimates we obtain (7.9). 
Now we apply the potential theory to (7.8). Then we obtain 

IKIIw^V^fixtfcTo,*)) < II^H^ /2 (nx((fc-l)T ,t)) 



< c(T ) 



l^ / ^l|L 5/2 (nx((fc-l)To,(fc+l)T )) 



(7.13) 



+ 



L 5/ 3(nx((fc-l)To,(fe+l)T )) 

L 5/3 (nx((fe-l)To,(fc+l)T )) 
+ \\v v >\\L 5/2 (S 1 x((k-l)T ,(k+l)T )) 

+ \\U + ^C||L 5/3 (nx((fe-l)To,(fc+l)To)) 



where t G [kT , (k + 1)T ]. Repeating the considerations leading to (7.9) 
we obtain (7.10). This concludes the proof. 

To estimate the term II^IL , ,,, ,, NV G N, from the 

11 r "L 10 / 3 (llx((k-l)T ,(k+l)T )y 

r.h.s. of (7.9) and (7.10) we introduce the quantity w = ^ which is a 
solution to the problem 



. w r 2f 
w; t + v • Vw + 2 — to — i/Aw w r — — 

r r ' r 



— = g in Ox R + , 



(7.14) w s = 

W,z = 



w|t=o = w(0) 



on x R + , 
on S 2 x R + , 
in O. 

Lemma 7.3. Assume that A* defined by (6.5) is finite. Let go = — and 

Hbollb = sup fc6No ||^o||L 2 (fcTo,(fc+i)T ;L 2 (n)) be finite, fc G N = NU {0}. 
Let T > be given. Let w(0) G L 2 (0). Then 

(7.15) ||HU 10/3 (nx(fcTo,t)) <^ ,rf7,A„|||(7o|||2) + e-^ fcTo ||«;(0)|| L2(n) , 
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where tp is an increasing positive function, dj is defined by (2.15), < 
< v and t e (kT ; (k + 1)T ]. 



Proof. Multiplying (7.14) by w\w\ s 2 and integrating over O we obtain 



Id f. , aj Av(s-l) 
-— I \w\ s dx + 
s dt 



J \V\w\ a / 2 \ 2 dx 



(7.16) 



< 



2J— \w\ s dx+— J d r \w\ s drdz + J \g \\w\ s 1 dx 



Performing integration in the second term on the r.h.s. of (7.16) yields 

-4- [\w\ s dx+ Ms - 1) l\V\w\^dx 
sdt J s 2 J 



n 



(7.17) 



< 2 



w\ s dx + — I \w(R,z,t)\ s dz 



+ \\9o\\L a (ci)\\w\\ a La{ny 



In view of the interpolation inequality 

a 

j \w{R,z,t)\ 



s dz<e I \V\w\ s / 2 \ 2 dx + — / \w\ s dx 



n 



with e = ^—^ we derive from (7.17) the inequality 



— / \w\ s dx + 
dt 



2u(s - 1) 



\V\w\ s/2 \ 2 dx <2s J 




\w \ s dx 




r 





(7.18) 



+ 



Cl 



s- 1 



\w\ 



1 



'dx + s\\g \\ LgiQ) \\w\\ s Ls(n) . 



n 



We are going to consider (7.18) for s G [§,4]. Then (7.18) takes the form 



(7.19) 



j f J \w\ s dx + ^ J \V\w\ s / 2 \ 2 dx<8 J 
an a, 

+ 2 Cl J \w\ s dx + A\\g4 La{il) \\w\\ s -l 
n 



(«)■ 



\w\ s dx 
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Introducing the quantity 

(7.20) rj = \w\ 

inequality (7.19) assumes the form 



,/2 



d_ 
~dt 



(7.21) 



\ 2 dx + -v J \Vrj\ 2 dx < 8 



n 



rj dx 



+ 2 Cl J \v\ 2 dx + ^\\'£^ a) \\go\\ LaiQ) . 



n 



Since ^, r |si = 0, rj jZ \s 2 = the following Poincare inequality holds 

(7.22) J r] 2 dx<c p J \Vrj\ 2 dx + c p J ijdx 

n a, q 

Introducing the splitting -^v = v\ + z/2, > 0, z = 1,2, we obtain from 
(7.21) the inequality 



d 



— I rj dx H / i] dx + ^2 



(7.23) 



+ 8 1 ^»/ 2 cfa + 2 Cl J i/ 2 da; + 4||» / ||-; ( 1 n) ||^o||L ( 



(£!)• 



Let i/* = — . Then from (7.23) we have 

Cp 

(7.24) 

j t (^J rfdxe v *^j +v 2 J \Vri\ 2 dxe u * t 



< 



v* J \ V \dx + 2 Cl J V 2 dx + 8 J ^ 7/ 2 dx + 4||77||'; ( 1 n) ||^ ||L a (n) 



n 



Integrating (7.24) with respect to time from kT to t e (kT , (k + 1)T ], 
fc G NU {0} = N , yields 

t 



(7.25) 



Q, kT o. 

t 

' S i> * I + 2ci J 

kT n n 
+ ±\\v\\ZU\\9o\\L.(n) 



1 






r 



n 



i] 2 dx 



kT 
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Continuing, we have 

t 

J ?? 2 (t)cte + z/ 2 e-^ J J {Vriit'^dxe^'dt' 



(7.26) 



ft 



< e 



fcT ft 



t 

feT ft ft ft 



i] 2 dx 



+ 4||r 7 ||^ ) |bo||L s (ft)]e-^t + e--(*-^)y'r ? 2 (fcTo)^, 



ft 



t e (kT , (k + 1)T ]. 

First we obtain an estimate for f n rj 2 (kTo)dx for any I; G No. For this 
purpose we omit the second term on the l.h.s. of (7.26). Therefore we 
consider the inequalities 



J V 2 ((k + l)T )dx 



(7.27) 



ft 



< 



(fc+l)T 



kT 



ft 



|??|cte + 2ci y i] 2 dx + 8 J 
ft ft 



/ 






r 



i] 2 dx 



+ MlvWl'ln) ll<7olk(ft) dt + e-^ J V 2 (kT )dx. 

ft 

Take s = |. Then the first integral on the r.h.s. of (7.27) is estimated by 

(fc+l)T 

dt J (\w\ 9 / 10 + \w\ 9/5 )dx 

kT ft 

(fc+l)T 

+ C 



r 

fcT ft 

^ (fc+l)/i, 

2/45 



10 x 1/10 

dxdt 



(fc+l)T 



\w\ dxdt 



9/10 



feTn ft 



\W 



\ 2/5 

| 9 / 5 cMl 



(fc+l)T 



|# | 9/5 cM 



5/9 



/1. 



fcT ft fcT ft 

Applying the Holder inequality and the energy estimate (2.15) with dj 
implies 

h < ^(i^uo)[t ii/2 v/ 10 + To 1 / 10 ^ 5 + ^ )d r° 

+ 7 O t ^7llfi , o||L 9/5 (ftx(fcTo,(A;+l)To))] 

= A^^d?, A*, sup \\g\\ L 9/B (nx(fcT 0) (fc+i)T ))), a>0, b>0. 
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Introducing the notation 

(7.28) Xt(t) = J \w(t)\ g / 5 d. 



x 



n 



we obtain from (7.27) the inequality 



(7.29) 



X 1 ((k + 1)T ) <A 1 + e-^ T °X 1 (kT ). 



Hence, (7.29) implies 



(7.30) 



A 1 



X 1 (kT )< i _ e ^ To +e- k ^X 1 (0). 



In view of (7.30) we can consider (7.26) in the any interval (/cT , (/c + l)T ), 
k G N , for 



(7.31) 



Then we obtain the estimate 



T]i = \w 



9/10 



Mlv 2 °(nx(fcT 0l t)) ^ (l + e"* To ) 



(7.32) 



Using that 



and 



Ai(T ) + 



Ai(T ) 



+ e 



-kv*T, 



°\\Vi(0)\\ 



L 2 (fi) 



\ g— V*Tq 

t G (kT , (k + 1)Tq]. 



rj 2 (0)dx = J \w(0)\ s dx 



n 



- I li;il s / 2 ll 2 > IUnll s 

T l\\v°{Q. T ) - H \ W \ \\v°(fl T ) - H M; llL5 a (« T ) 



we obtain from (7.32) in the case s = I the estimate 



lkllL 3 (nx( fc T ,t))<(l + e- To ) 5/9 

( 7 - 33 ) ,5/9 
-kv*T \\ a „( n \\\ g / 5 



+ e 



w(0)\\ 



i B / B (n) 



2 — g - ^* 7 ^ 

i in^MTo) 

2 g — ^* -to 

A 2 (T ), t G (/cT , (/c + l)Tb], 



where A 2 depends also on the same quantities as A\. 



53 



Z99 6-3-2013 



Next we consider the case s = 2. Then the first term on the r.h.s. of 
(7.27) is estimated by 



(k+l)T 



dt / (\w\ + \w\ 2 )dx 



kT n 

(fc+l)T 



+ 



10 \ 1/10 

dxdt 



(fe+l)T 



\w\ 9 dxdt 



9/10 



+ Hfi , l|L 2 (nx(fcTo,(fc+l)To))ll«'l|L2(nx(fcTo,(A : +l)To)) 

< c[T rf 7 + d 2 7 + </?(A)T 7/30 A 2 (T ) + ||^o|U 3 (nx(fcTo,(fc+i)T ))d7] 
= ^3(^0, d 7 , A 2 ; sup ||^o|U 2 (nx(/cTo,(fe+i)To)))- 

k 



Setting 
(7.34) 



X 2 (t) = J \w(t)\ 2 dx 
ft 



we obtain from (7.27) the inequality 

(7.35) X 2 ((k + 1)T ) < A 3 (T ) + e -»* To X 2 (kT ). 

Hence 



(7.36) 



X 2 (kT ) < 



A 3 (T ) 



+ e 



-v*kT 



* 2 (o). 



Using the above estimate in (7.26) with s = 2 we have 



\w\ 



L 10/3 (fix(fcT ,t)) - ^ + e J 



(7.37) 



2 - e -^ To 



1 -e" 



+ e~»* kT ° \\w(0) ||| 2(n) ^ , t G (fcT , (* + 1)T ] 



From (7.37) it follows (7.15). This concludes the proof. 

To prolong in time a local solution to (1.1) we need a version of 
Lemma 7.1 for solutions to problem (7.7). Therefore, we have 

Lemma 7.4. Assume that g = rf v G Loo(^ x u(0) G L QO (f2), 

u(0) G L 2 (0), / G L oo (R + ;L 6/5 (0)), ^ G L 2 (0). Let T > be 
given. Let \\\U\\\ 2 = sup fc \\f v \\ La (,nx(kT ,(k+i)T )) < 00, |||^||| 9/5 = 
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su Pfc II^IL 9/5 (fix(fcT ,(fc+i)To)) < °°- Let A * (Produced by (6.5)) be £- 



nite. Then 



(7.38) 



kT 



(fe-i)To n 



vl jt dxdt + u J ( |V6 ¥ ,(/cT )| 2 + 



?V(/cT ) 



< cdl + c\\f v \\l + -^jj^d 6 d 7 + Lp\A*,T ,d 6 ,d 7 , 



+ ce 



— v„kT(, 



»V(°)I 



= A 2 



9/5 



» 111^1112 



L 2 (H) 



where c?6 is introduced in (3.1), dj in (2.15) and A* in (6.5). 



Proof. Multiplying (7.7) i by v^j an d integrating the result over O yield 



(7.39) 



J v^ t dx-v J AvyVyjdx + v J ^v Vjt dx 

= J f<pVip,tdx + J VpCvtpj - J ^-VtpV^jdx - J v ■ Vv^v^jdx. 



n 



n 



n 



Integration by parts implies 



a 

- J Av^v^dx = - J VtpVtpj \r=ndz + J Vv v ■ Vv v , t dx, 
n —a n 

where the boundary conditions (7.7)2,3 were used. 

Applying the Cauchy inequality to the r.h.s. terms of (7.39) we get 



2^+24 ^ dX+ 2dt h^ dX 



n 



(7.40) 



v d { .., 

v 

2dtJ * 

— a 



J f%dx + cjv 2 ^ 



-— / vJ r=R dz < c / f^dx + c / i> C dx 



n 



f r / v 2 \Vv ip \ z dx + c I ^v^dx. 



r ~2 



n 



Integrating (7.40) with respect to time from £ = (k — 1)T to t = kT we 
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obtain 



1 

2 



kT 



v 1 t dxdt + - / \Vv^(kT )\ 2 dx + 



(fc-i)T n 



vJkTo) 



dx 



kT 



V 



(7.41) < - / vl(kT )\ r=R dz + c 



kT 



(fc-i)T (1 n 

kT 



+ C 



v^,( 2 dxdt + c 



f 2 dxdt 



v 2 \Vv ip \ 2 + -^vl \ dxdt. 



(fc-i)To n 



(fel)To 



The first term in estimated by cd^, the second by the norm 1 1 1 1 1 1 2 



sup fc ||/p|U 3 ((fc-i)To,fcT ;L 2 (n)), the third by 
(see (3.6)) and finally the last is bounded by 

u 



^372"ll t VIIZ, 4 (fix]R + ) — T 3/2 



rd 6 d 7 



(p\ A*,T ,<i 6 ,d 7 , 



9/5 



,\\\U\\\i) +ce~»* kT ° 



L 2 (fi) 



where (7.10) and (7.15) were used. Using the above estimates in (7.41) 
implies (7.38). This concludes the proof. 

Having estimate (7.38) we are able to consider problem (7.1) in the 
time interval (/cT , (k + 1)T ). Then instead of (7.2) we obtain 

(7-42) IK,i|li 2 (fcT 0) t;fi) + IK(*)||ffi(fi) ^ cA 4> 

where t G (kTo, (k + 1)Tq) and A4 is introduced in (7.38). 



8. Global existence 

To prove global existence of axially symmetric solutions to problem 
(1.1) we first show long time existence (see Theorem 8.1). By the long 
time existence we mean that there exists a time T e < 00, without any 
restrictions on T e from above, such that axially symmetric solutions to 
(1.1) satisfy 

(8.1) v G W%' 1 (ti r °), VpGL 2 (fi Te ). 

The existence of such time T e is connected with the assumption that some 
spacial norms of the external force must be integrated in appropriate pow- 
ers over time interval (0, T e ). Therefore, we prove global existence, so the 
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existence on the infinite time interval (0, oo), by prolonging the long time 
solution step by step on intervals ((k — l)T e , kT e ), k e N. In such a way we 
relax restrictions on the external force, because otherwise looking for solu- 
tion (8.1) with T e = oo, we have to assume that / vanishes sufficiently fast 
as time goes to infinity. In the step by step approach we prove existence 
of such solutions that 
(8.2) 

W^\Q x ((k - l)T e , kT e )), Vpe\J L 2 (0 x ((k - l)T e , kT e )). 

ken keN 

Looking for solutions (8.2) we have to repeat the long time existence (see 
Theorem 8.1) in each step, so we should prove that if there exists a constant 
a depending on the data norms such that 

(8.3) IKO)Utfi(fi) <a 
then 

(8.4) \HkT e )\\ H i (Q) <a for any k G N. 

The above assertion holds for (see Lemma 7.4 and formula (7.42)). To 
prove it for v' = (v r ,v z ) we need first some decay estimate for x- This 
will be shown in Lemma 8.2. 

To formulate Theorem 8.1. we recall necessary notation. Let the constants 
do, di, . . . , df be introduced by the relations (see Lemma 2.1): 

IK0)|U 2 (fi) < d , ||/||L 00 (R + ;L 6/5 (n)) < d 2 , 
9 = f-V, U = V-T], 7] = (-X2,X!,0), 

t 



sup sup 

feeNo te[kT,(k+l)T] 



J J gdxdt' + J u(kT)dx 



< d u 



d 3 > c(di + ch) , rf 4 > c(T) (d + d 3 ) , d 5 > c(T) (d + d 3 ) 
d 7 > c(T)(d A + sup ||/|U 2 (nx(fcT,(fc+i)T))) (see (2.15)). 

k 



d e = d 6 (\\u(0)\\ Loo(n) , ||^|U 00 (inxM + )) (some function) (see (3.1)). 
Let us recall the partition of unity {Ci(r), C2( r )} on the interval (0, R) with 
the properties: (j, (2 are smooth functions such that Ci( r ) = 1 for r < r 
Ci(r) = for r > 2r , C2W = for r < r and C2O") = 1 for r > 2r . 
Moreover, we have the notation: w = w(i, w = 10(2 for any function w. 
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Let us introduce the quantities 

A 2 (t) = c(l/r )4[l + (l + d 6 )d 2 6 ] + 



x(o) 



L 2 (Q) 



+ 


%(0) 


4 

+ 


F 


2 

+ 








L 4 (f2) 


r 







^O/llC^*) 



(8.5) 4*(f) = c(l/r )(d§ + rigd?) + ||F||| 2(0)f;i (n)) + i||x(0)||i a(n) , 



^(t) = cdg + 111/^1112 + Tp^dsd-j + (p[A*,T, d 6 ,d 7 



9/5 



+ C 



L 2 (f2) 



where ||M|| S = sup fc6N() \\w\\ Lsi{k _ 1)TykT . Ls{n)) , s G (l,oo) and A* = A + 
[c(l/r )d? + 1]A (see (6.5)). 

Theorem 8.1. (long time existence). Let T e > be given. Assume that 
v(0) G H 1 ^), f G L 2 (0 Te ) and Ai(T e ), A (T e ), A 4 (T e ) are Unite. Then 
there exists axially symmetric solution to problem (1.1) such that (8.1) 
holds. 



Proof. Assume that T* is so small that (2.27) is satisfied for T = T*. 
Then Lemma 2.5 implies a local existence of solutions to problem (1.1) 
such that v G W 2 ' (£l T *), Vp G L 2 (0 T *). To apply Lemma 2.5 we need 
that v(0) G if x (0) and / G L 2 (0 T *). To extend the existence of local 
solutions on the interval (T*,2T*) (or to apply Lemma 2.5 for interval 
(T*, 2T*)) we have to obtain an estimate for ||u(T*)||jj-i(n) such that 



(8-6) \HT*)\\ mm 
Moreover, we need that 



< 



|v(0)||ffi(n). 



(8.7) 



L 2 (nx(T,,2T,)) 



< 



L 2 (fi T *)- 



Estimate (8.7) holds by assumptions. Therefore, we have to show (8.6) 
only. Under assumptions (8.5) and from (6.5) we have the estimate 



(8.8) 



<c(l/r ,d 1 )(A(T e ) + A (T e )). 



V 2 °(fi T *) 

Then (6.43) (Lemma (6.5)) implies 



(8.9) 



\vi(n T *) 



< c 



X 
r 
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Hence 

(8.10) <c(l/r ,di)(A(T e ) + A (T e )). 
Similarly, (7.42) yields 

(8.11) IK(T*)|| H i(n) <cA4(T e ). 
Let 

(8.12) a = c(A(T e )+A (T e ) + A 4 (T e )). 
Since 

(8.13) 11^(0)11^1(0) <a 
we obtain from (8.10) and (8.11) that 

(8.14) \\v{T*)\\ H i (n) <a 

and we can apply Lemma 2.5. Assuming that T* = we can repeat the 
procedure m times and prove the theorem. 

We can prove the theorem in a different way. We have existence of 
weak solutions to problem (1.1) such that v G V^O 7 *) and the estimate 
holds 

(8.15) IMI W T e) < c(||t/(0)|| La(n) + ||/|| La(n T.)). 

We restrict an increasing of regularity of the weak solutions by getting 
an estimate guaranteeing regularity (8.1). The precise procedure is very 
complicated but it could be presented. 

Under assumptions (8.5) and Lemma 6.5 we have the estimate 
(8-16) \\v'\\vi(nTe) < c(A(T e ) + A (T e )). 

From the proof of Lemma 3.7 in [Z9] we have 

(8-17) \\v'\\l 10 (^ t -) ^ clKlk 1 ^)- 

Let us consider the Stokes system 

v t — divT(v,p) = —v' ■ Vv + f, 
div v = 

(8.18) 

v ■ n\s = 0, n ■ H)(v) • r a \s = 0, a = 1,2, 
v\ t =o = v(0), 
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where the r.h.s. of (8.18) i is treated as given. In view of (8.15) and (8.17) 
the r.h.s. of (8.18)i belongs to L 5 / 3 (fi Te ) under the assumption that / G 
L 5 / 3 (0 Te ) also. The last statement is satisfied because / G L 2 (0 Te ). 
Hence, in view of [Z7, ZZ], there exists a solution to (8.18) such that 
v G W^l(Q Te ), Vp G L 5 / 3 (0 Te ) and the estimate holds 



(8-19) IMIw 5 2 ;i(fi^e) + l|Vp||L 5/3 (nTe) < c(data). 

In view of the imbedding 

(8-20) l|Vv||L B/3 (n^) < chWw^Te) 



we obtain that the r.h.s. of (8.18) i belongs to L2(0 Te ). Applying again 
[Z7, ZZ] we get that v G W^ipF*), Vp G L 2 (0 Te ) and the estimate is 
valid 



(8.21) 



Mw^isiT*) + \\^Ph 2 (QT e) < c(data). 



This concludes the proof. 

Next we shall show that if time existence T e , appeared in Theorem 
8.1, is sufficiently large then there exists a solution to (1.1) with properties 
described by (8.2). The solution behaves similarly in each time interval 
(kT e , (k+l)T e ), k G No- To prove this we have to show that ||i;(fcTe)||ij-i(n) 
is bounded by the same constant for all k. For this some decay estimates 
are needed. 

Lemma 8.2. Let T e > be a sufficiently large given number. Let there 
exist a weak solution to problem (1.1). Let assumptions of Lemmas 2.2, 
2.3, 3.1, 3.2 be satisfied. Let the constants (see (2.1)), d§ (see (2.2)), 
di (see (2.15)), d$ (see (3.1)) be finite. Let r > be so small that 



sup||riv|| Loo(n ) < 



t " V 3 

holds, where O ro = {x G O : r < r }. Let 

x 2 it) 

Let X(0) be finite. Let the quantities 



v. 



a < 1, 



1 


v 2 


2 

+ 


X 


^2 


r 


L 2 (Q) 


r 



L 2 (f2) 



d 8 = sup ||/ v ||i,4(nx(fcT e ,(fc+i)T e )), 



dg = SUp 



L 2 (Clx(kT e ,{k+l)T e )) 
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be Unite. Then there exists a positive increasing function 
B = £?o(l/ro, c?5, <1q, d?, d%, dg) such that 



(8.22) 



X(kT e ) < B +X(0)e- UokT % 
\\v(t)\\m(Q) < c(B + X(kT e )), 

hold for any k G N and t G (kT e , (k + l)T e ). 



Proof. From (4.12) we have 



\_d_ 

2di 



(8.23) 



X 


2 

V 

+ 2 


v- 


1 

< - 




4 


r 




r 




r 


L 4 (n E ) 



+ c(l/r ) y x 2 (ix + c(l/r ) ^ \v r \x 2 dx + c J 



F 2 



dx. 



Moreover, using that v^\ r = e = 0, (4.16) yields 



Adt r* dX+ 4 U 



(8.24) 



3 

+ r 



v 2 



- y [2V^VCi + v^CA^dx + J Uv^dx. 



Now we examine the particular terms from the r.h.s. of (8.24). We esti- 
mate the first term by 



2 ll r ^llL 00 (n c ) J r 3 r 2 

ft 



the second by 



v v^dx = I\, 



n 



e,Ci lT . 



where the second term in ii is bounded by 

C ( 1 / r 0) || rL . ||4 / „2 d 



n 



61 



Z99 6-3-2013 



The third integral on the r.h.s. of (8.24) is divided into two parts. The 
first part equals 



v 3 C 3 



-2u J' 



Hence 



\h\ < c 



(Vro) / v\ 



%dx. 



Similarly, the second part of the third term on the r.h.s. of (8.24) is 
estimated by 



:(l/ro) J v 



*dx. 



a 



Finally, the last term on the r.h.s. of (8.24) is bounded by 



Assuming e\ = e 2 = f and using the above estimates in (8.24) imply 



-— f -rrdx + —v 
AdtJ r 2 4 



(8.25) 



< —\\rv 



2 II' "vHLniClc) J r 3 r 2 



v 2 
r 

2 



\Vr\ V 



8 J r 4 



rfx + c(l/r )||r^||l c 



u da; 



e .<l,r 



+ c(l/r ) / v (p dx+ - J f^v^dx. 
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Employing (4.29) in (8.23) gives 



1 d 

2 dt 



+ 



L 2 (Q £ ) 



+ 



"2 



dx 



(8.26) 



+ 3 ^/^(t) dx)<lj%dx + c(l/r ) J X 2 dx 
n £ ,r n F 

+ c(l/r ) J \v r \x 2 dx + cj 



n 



n F 



+ -s-c(l/r ) / (y z - + v z )dx, 



where v = v\ + 1/2, v% > 0, i = 1, 2. Using (3.1) and applying the Cauchy 
inequality to the first term on the r.h.s. of (8.25) we get 



4dt J r* aX+ 4 



r 



.5 £ 
dx + -1/ — - 



V 4 

-rdx 

r 4 



9 



(8.27) 



8s 
+ c 



^ orll^ll^^) / -%dx + c(l/r )d 6 / Wx 



n F 



n 



(l/r ) y vjdx + c ^ /*dx. 



E .Cl, T 



n F 



Setting £ = j and using the Hardy inequality 



II 



2 

Ux < 

6 — 



1 / V r 

12 



in (8.27) gives 



Id f v 4 



ldt'^ dX+ ^ 



n F 



9 



n F 



i; 2 
r 



(8.28) 



< — \\rv 



1 /u 



n F 



2 J r 4 

n F 



dx + c(l/ro)d 6 / v dx 



,r 



n 



+ c(l/r ) J v 4 dx + c J f 4 dx. 
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Multiplying (8.28) by 4 and adding to (8.26) we obtain 



1 d f v 



-dx + 



2 



f ^2 dx + 


— f 


v 2 




2v J 


r 



dx 



V- 



dx + 3z/ 2 / ( — ] c&e 



9 



< — 77 WrVu 



(8.29) 



1 / v r 
r 



dx + c(l/ro) J x dx 



+ c(l/r ) y |t; r |x 2 rfx + c(l/ro)y« r + ^)rf. 
+ c(l/r )^ y v 2 cfe + c(l/r ) y fjcte + c J 



n 



F 2 



Setting z/ 2 = az^, a < 1 and assuming that 
9 



(8.30) -^| 



3 n rv viii,oo(nc) 



< 3ais so HruJIf 



< 



For a = i| the above condition takes the form 



|^|| Loo(nc) < — 



2u 



we obtain from (8.29) the inequality 
(8.31) 





v 2 


2 

+ 


X 


2 W" 


6 2 




r 


L 2 (Q e ) 


r 


L 2 (n e )/ 


r 



L 2 (f2 £ ) 



L 2 (f2 £ ) 



<c(l/r ) J X 2 dx + c(l/r ) J \v r \ X 2 dx 
+ c(l/r ) J(v 2 z r + v 2 )dx + c(l/r )d 2 6 J v 2 dx + c(l/r ) J v*dx 



+ cj f v dx + c 



# 2 
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Let us recall that v\ = (1 — a)v. Let b < 1 — a. 

Then the second expression on the l.h.s. takes the form 



r 



L 2 (Q £ ) 



+ (1 - a - b) 



V- 




V- 


2 


r 


L 2 (Q E )/ 


r 


L 2 (fi £ ) 



Let c p be the constant from the Poincare inequality. 
Let v m = min (1 ~ a ~ b)iy j and let 



(8.32) 



6 2 


2 

+ 


X 


2 


r 


L 2 (n e ) 


r 


L 2 (fi e ) 



Then (8.31) takes the form 



d 



—X + v*X + bv 
at 



V- 



L 2 (n £ ) 



< c(l/r ) J \v r \r 
(8.33) +c(l/r ) J(x 2 + v 2 ;r + v 2 + d 2 6 v 2 )dx + c(l/r ) J v*dx 



+ cy f^dx + c 



F 2 



Multiplying (8.33) by e^** and integrating with respect to time from kT 
to t e (kT e , (k + l)T e ], fc G N , yields 



x^y^ + bv J 

kT 



v^(t') 

r 



L 2 (n £ ) 



(8.34) 



<c(l/r ) y y |v r |x 2 ^e l/ * t '^ / + c(l/r )rf 2 (l + ^)e 



2n 



j2 J2„v t t 



+ c(l/r )d 6 d 7 e u * + (\\f<p\\ L4i (n x (kT e ,(k+i)T e )) 

e v ' 1 +X(kT)e"* kTe . 



+ 



F\ 2 



L 2 (nx(kT e ,(k+l)T e )) 

Introducing the notation 



d 8 = sup \\f<p\\L 4 (nx(kT e ,(k+i)T e )), d 9 = sup 

k k 



L 2 (nx(kT e ,(k+l)T e )) 
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and estimating the first term on the r.h.s. of (8.34) by 



c(l/r ) / l|vr||L 2 (n e , Clir )||xlli 4 (n e , <1>r )e ,/ ' t dt / 



kT e 



<c(l/r )d 4 J WxWU^ y^'dt' 



<-'! 


V- 




r 



e v * t ' di! + c(l/r ,d 4 ,d 5 )e 



M"e,Ci, r ) 



we obtain 
(8.35) 



X(t)e v * l + bv J 



r 



< e 



t 




1 


v- 




r 



2 



L 2 (fi £ ) 



e v * dt + B(l/r 0l d4 1 d 5l de 1 d 7l d8 1 dg 1 1/e)- 



Mn e ,ci r ) 



A:T e 

e"'* + X(/cT)e IA 



where S is a positive increasing function of its arguments. 

By the local iteration technique (see [LSU, Ch. 4, Sect. 10]) we get 



t 






V- 




r 



kT e 



e^'dt' < 2Be v * 1 + 2X(kT)e 



-,v*kT 



L 2 (fi e ) 



To obtain an estimate for X(kT e ) we skip the second term on the l.h.s. of 

(8.36) and set t = (k + l)T e . Then we get 

(8.37) X((k + l)T e ) <2B + 2X(kT)e- u * Ts . 

Let i? = 2B and 2e~~^ T& < 1. Denoting i/ = y we obtain 

(8.38) X((k + l)T e ) <B + X(kT e )e-" oT e. 
Hence 

(8.39) X(kT e ) < B °_ uT +X(0)e-» okT % k e N . 
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In view of (8.39) we obtain from (8.31) after integration with respect to 
time from kT e to t e (kT e , (k + l)T e ] the estimate 



(8.40) 



+ 



V°(Cix(kT e ,t)) 



v°(six(kT e ,t)) 



< B + X 2 (kT e )e- u * (t - kT ^ 
The inequality implies the estimate 



(8.41) 



v(t)\\m(n) < c(B + x(fcT e )), t e (kT e , (k + l)T e ], 



for any k G No- This concludes the proof. 

Proof of the Main Theorem. Let T = T e . In view of Theorem 8.1 and 
Lemma 8.2 there exists a local solution to problem (1.1) such that 



v E Wl jl (0 x (kT, (k + 1)T)), Vp E L 2 (0 x (kT, (k + 1)T)) 



and estimate (1.15) is valid. This ends the proof. 
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